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ABSTRACT. It is well-known that affine Hecke algebras are very useful to describe
the smooth representations of any connected reductive p-adic group G, in terms
of the supercuspidal representations of its Levi subgroups. The goal of this paper
is to create a similar role for affine Hecke algebras on the Galois side of the local
Langlands correspondence.

To every Bernstein component of enhanced Langlands parameters for G we
canonically associate an affine Hecke algebra (possibly extended with a finite R~
group). We prove that the irreducible representations of this algebra are naturally
in bijection with the members of the Bernstein component, and that the set of
central characters of the algebra is naturally in bijection with the collection of
cuspidal supports of these enhanced Langlands parameters. These bijections send
tempered or (essentially) square-integrable representations to the expected kind
of Langlands parameters.

Furthermore we check that for many reductive p-adic groups, if a Bernstein
component B for G corresponds to a Bernstein component B" of enhanced Lang-
lands parameters via the local Langlands correspondence, then the affine Hecke
algebra that we associate to B is Morita equivalent with the Hecke algebra as-
sociated to 8. This constitutes a generalization of Lusztig’s work on unipotent
representations. It might be useful to establish a local Langlands correspondence
for more classes of irreducible smooth representations.
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INTRODUCTION

Let F' be a local non-archimedean field and let G be a connected reductive alge-
braic group defined over F'. The conjectural local Langlands correspondence (LLC)
provides a bijection between the set of irreducible smooth G(F)-representations
Irr(G(F)) and the set of enhanced L-parameters ®.(G(F)), see [Borl [Vog, [ABPS5].

Let s be an inertial equivalence class for G(F) and let Irr(G(F'))® be the associ-
ated Bernstein component. Similarly, inertial equivalence classes s¥ and Bernstein
components ®.(G(F))?  for enhanced L-parameters were developed in [AMSI]. It
can be expected that every s corresponds to a unique sV (an ”inertial Langlands
correspondence” ), such that the LLC restricts to a bijection

(1) Irr(G(F))* +— Dc(G(F))°".
The left hand side can be identified with the space of irreducible representations of
a direct summand H(G(F'))® of the full Hecke algebra of G(F'). It is known that in
many cases H(G(F))*® is Morita equivalent to an affine Hecke algebra, see [ABPS5),
§2.4] and the references therein for an overview.

To improve our understanding of the LLC, we would like to canonically associate
to sV an affine Hecke algebra H(s") whose irreducible representations are naturally
parametrized by ®.(G(F)). Then could be written as

\

(2) Lr(G(F))* = T (H(G(F))*) +— Ir(H(s")) = @.(G(F))*,

and the LLC for this Bernstein component would become a comparison between two
algebras of the same kind. If moreover H(s") were Morita equivalent to H(G(F))?,
then could even be categorified to

(3) Rep(G(F))* = Mod(H(s")).

Such algebras H(s") would also be useful to establish the LLC in new cases. One
could compare H(s") with the algebras H(G(F'))® for various s, and only the Bern-
stein components Irr(G(F))° for which H(G(F))® is Morita equivalent with H(s")
would be good candidates for the image of ®.(G(F))*  under the LLC. If one would
know a lot about H(s"), this could substantially reduce the number of possibilities
for a LLC for these parameters.

This strategy was already employed by Lusztig, for unipotent representations
[Lus4, Lusb]. Bernstein components of enhanced L-parameters had not yet been
defined when the papers [Lusdl, [Lus5] were written, but the constructions in them
can be interpreted in that way. Lusztig found a bijection between:

e the set of (“arithmetic”) affine Hecke algebras associated to unipotent Bern-
stein blocks of adjoint, unramified groups;

e the set of (“geometric”) affine Hecke algebras associated to unramified en-
hanced L-parameters for such groups.

The comparison of Hecke algebras is not enough to specify a canonical bijection
between Bernstein components on the p-adic and the Galois sides. The problem is
that one affine Hecke algebra can appear (up to isomorphism) several times on either
side. This already happens in the unipotent case for exceptional groups, and the
issue seems to be outside the scope of these techniques. In [Lus4, 6.6-6.8] Lusztig
wrote down some remarks about this problem, but he does not work it out com-
pletely.
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The main goal of this paper is the construction of an affine Hecke algebra for any
Bernstein component of enhanced L-parameters, for any G. But it quickly turns out
that this is not precisely the right kind of algebra. Firstly, our geometric construc-
tion, which relies on [Lus2, [AMS2], naturally includes some complex parameters z;,
which we abbreviate to Z. Secondly, an affine Hecke algebra with (indeterminate)
parameters is still too simple. In general one must consider the crossed product
of such an object with a twisted group algebra (of some finite “R-group”). We
call this a twisted affine Hecke algebra, see Proposition for a precise definition.
Like for reductive groups, there are good notions of tempered representations and
of (essentially) discrete series representations of such algebras (Definition .

Theorem 1. [see Theorem[3.15]

(a) To every Bernstein component of enhanced L-parameters sV one can canonically
associate a twisted affine Hecke algebra H(s",Z).
(b) For every choice of parameters z; € Rsq there exists a natural bijection

D (G(F))* & Irr(H(sY,Z)/({zi — 2:}4))

(¢) For every choice of parameters z; € R>1 the bijection from part (b) matches
enhanced bounded L-parameters with tempered irreducible representations.

(d) For every choice of parameters z; € Ry the bijection from part (b) matches
enhanced discrete L-parameters with irreducible essentially discrete series rep-
resentations.

This can be regarded as a far-reaching generalization of parts of [Lus4l Lus5|:
we allow any reductive group over a local non-archimedean field, and all enhanced
L-parameters for that group. We check (see Section [5)) that in several cases where
the LLC is known, indeed

(4) H(G(F))® is Morita equivalent to H(s",Z)/({z; — zz}z))

for suitable z; € R, obtaining . Notice that on the p-adic side the parameters z;
are determined by H(G(F'))®, whereas on the Galois side we specify them manually.
Yet in general the categorification is asking for too much. We discovered
that for inner twists of SL,(F) does not always hold. Rather, these algebras
are equivalent in a weaker sense: the category of finite length modules of H(G(F'))®
(i.e. the finite length objects in Rep(G(F))*) is equivalent to the category of finite
dimensional representations of H(s",Z)/({z; — 2i}i), again for suitable z; € R~q.

Let us describe the contents of the paper more concretely. Our starting point is

a triple (G, M, ¢€) where

e (G is a possibly disconnected complex reductive group,

e M is a quasi-Levi subgroup of G (the appropriate possibly disconnected

analogue of a Levi subgroup),

e ¢& is a M-equivariant cuspidal local system on a unipotent orbit Cf)w in M.
To these data we attach a twisted affine Hecke algebra H(G, M, ¢€,Z). This algebra
can be specialized by setting Z equal to some Z € (C*)?. Of particular interest is
the specialization at 7 = 1:

H(G) M, qE,Z)/({Zl - 1}2) = O(T) X C[qu) h]u
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where T" = Z(M)°, while the subgroup Wy,e C Ng(M)/M and the 2-cocycle § :
qug — C* also come from the data.

The goal of Section [2]is to understand and parametrize representations of
H(G, M,q€,Z). We follow a strategy similar to that in [Lus3]. The centre nat-
urally contains O(T)We¢ = O(T/W¢), so we can study Mod(H(G, M, ¢&,Z)) via
localization at suitable subsets of T'/Wye. In Paragraph we reduce to represen-
tations with O(T")"e¢-character in WyeTrs, where Ty denotes the maximal real split
subtorus of 7. This involves replacing H(G, M, ¢€,Z) by an algebra of the same
kind, but for a smaller G.

In Paragraphwe reduce further, to representations of a (twisted) graded Hecke
algebra H(G, M, ¢&,7). We defined and studied such algebras in our previous pa-
per [AMS2]. But there we only considered the case with a single parameter r,
here we need ¥ = (ry,...,rg). The generalization of the results of [AMS2] to a
multi-parameter setting is carried out in Section [I] With that at hand we can use
the construction of “standard” H(G, M, ¢&,r)-modules and the classification of irre-
ducible H(G, M, ¢&, 7)-modules from [AMS2] to achieve the same for H(G, M, ¢€,Z).
For the parametrization we use triples (s, u, p) where:

e s € (5° is semisimple,

e u € Z(s)° is unipotent,

e pc II"I'(’]T(](Zg(S, u))) such that the quasi-cuspidal support of (u,p), as de-
fined in [AMSI] §5], is G-conjugate to (M,CM q&).

Theorem 2. [see Theorem

(a) LetZ € Réo. There exists a canonical bijection, say (s,u, p) — Ms,uyp’g, between:
o G-conjugacy classes of triples (s, u, p) as above,
. Irr(H(G, M,q€,7Z)/({z; — z,}l))
(b) Let Z € R‘il. The module M&u,p,; is tempered if and only if s is contained in a
compact subgroup of G°.
(c) Let 7 € ]R‘il. The module Ms,u,p,Z is essentially discrete series if and only if u
is distinguished unipotent in G° (i.e. does not lie in a proper Levi subgroup).

In the case M =T, Cf)\/[ = {1} and ¢€ trivial, the irreducible representations in
H(G®, T, g€ = triv) were already classified in the landmark paper [KaLu|, in terms
of similar triples. In Paragraph[2.3|we check that the parametrization from Theorem
agrees with the Kazhdan—Lusztig parametrization for these algebras.

Remarkably, our analysis also reveals that [KaLu] does not agree with the classifi-
cation of irreducible representations in [Lus4]. To be precise, the difference consists
of a twist with a version of the Iwahori-Matsumoto involution. Since [KaLu] is
widely regarded (see for example [Ree, [Vog]) as the correct local Langlands corre-
spondence for Iwahori-spherical representations, this entails that the parametriza-
tions obtained by Lusztig in [Lus4l [Lus5] can be improved by composition with a
suitable involution. In the special case G = Sp,,,(C), that already transpired from
work of Meeglin and Waldspurger [Wall.

Having obtained a good understanding of affine Hecke algebras attached to dis-
connected reductive groups, we turn to Langlands parameters. Let

¢: Wr x SLy(C) - Lg
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be a L-parameter and let p be an enhancement of ¢. (See Section |3| for the precise
notions.) Let Gs. be the simply connected cover of the derived group of the complex
dual group GY and consider G = Zgy (¢(Ir)). We emphasize that this complex
group can be disconnected - this is the main reason why we have to investigate
Hecke algebras for disconnected reductive groups.

Recall that ¢ is determined up to GV-conjugacy by ¢|lw, and the unipotent el-
ement uy, = ¢(1, (3 %)) As the image of a Frobenius element is allowed to vary
within one Bernstein component, (¢[1,,us) contains almost all information about
such a Bernstein component.

The cuspidal support of (ug, p) for G is a triple (M,CM, ¢€) as before. Thus we
can associate to (¢, p) the twisted affine Hecke algebra H (G, M, ¢€,Z). This works
quite well in several cases, but in general it is too simple, we encounter various
technical difficulties. The main problem is that the torus 7' = Z(M)° will not
always match up with the torus from which the Bernstein component of ®.(G(F))
containing (¢, p) is built.

Instead we consider the twisted graded Hecke algebra H(Zgv (¢(Wr)), M, ¢&,T),
and we tensor it with the coordinate ring of a suitable vector space to compensate for
the difference between GY. and G¥. In Paragraph we prove that the irreducible
representations of the ensuing algebra are naturally parametrized by a subset of the
Bernstein component ®,(G(F))*  containing (¢, p). In Paragraphwe glue a fam-
ilies of such algebras together, to obtain the twisted affine Hecke algebras H(s", Z)
featuring in Theorem

Let us compare our paper with similar work by other authors. Several mathe-
maticians have noted that, when two Bernstein components give rise to isomorphic
affine Hecke algebras, this often has to do with the centralizers of the corresponding
Langlands parameters. It is known from the work of Bushnell-Kutzko (see in par-
ticular [BuKu2]) that every affine Hecke algebra associated to a semisimple type for
GL,,(F") is isomorphic to the Iwahori-spherical Hecke algebra of some [[, GLy, (F3),
where >, n; < n and F; is a finite extension of the field F'. A similar statement
holds for Bernstein components in the principal series of F-split reductive groups
[Roc, Lemma 9.3].

Dat [Datl Corollary 1.1.4] has generalized this to groups of “GL-type”, and
in [Datl Theorem 1.1.2] he proves that for such a group Zgv(¢(Ir)) determines
[, Rep(G(F))*, where s runs over all Bernstein components that correspond to
extensions of |1, to W x SLy(C). In [Datl, §1.3] Dat discusses possible generaliza-
tions of these results to other reductive groups, but he did not fully handle the cases
where Zgv(¢(Ir)) is disconnected. (It is always connected for groups of GL-type.)
Theorem [1} in combination with the considerations about inner twists of GL,,(F') in
Paragraph provide explanations for all the equivalences between Hecke algebras
and between categories found by Dat.

Heiermann [Hei2, §1] has associated affine Hecke algebras (possibly extended with
a finite R-group) to certain collections of enhanced L-parameters for classical groups
(essentially these sets constitute unions of Bernstein components). Unlike Lusztig
he does not base this on geometric constructions in complex groups, rather on affine
Hecke algebras previously found on the p-adic side in [Heil]. In his setup holds
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true by construction, but the Hecke algebras are only related to L-parameters via
the LLC, so not in an explicit way.

In [Hei2, §2] it is shown that every Bernstein component of enhanced L-parameters
for a classical group is in bijection with the set of unramified L-parameters for
Zgv(¢(IF)), which is the complex dual of a product of classical groups of smaller
rank. So in the context of [Hei2] the data that we use for affine Hecke algebras
are present, and the algebras are also present (at least up to Morita equivalence),
but the link between them is not yet explicit. In Paragraph [5.3| we discuss how our
results clarify this.

1. TWISTED GRADED HECKE ALGEBRAS

We will recall some aspects of the (twisted) graded Hecke algebras studied in
[AMS2]. Let G be a complex reductive group, possibly disconnected. Let M be a
quasi-Levi subgroup of G, that is, a group of the form M = Zg(Z(L)°) where L is
a Levi subgroup of G°. Notice that M° = L in this case.

We write T'= Z(M)° = Z(M?°)°, a torus in G°. Let P° = M°U be a parabolic
subgroup of G° with Levi factor M° and unipotent radical U. We put P = MU.
Let t* be the dual space of the Lie algebra t = Lie(T).

Let v € m = Lie(M) be nilpotent, and denote its adjoint orbit by CM. Let
g€ be an irreducible M-equivariant cuspidal local system on Cf)‘/f . Then the stalk
ge = g€/, is an irreducible representation of Aps(v) = mo(Zpr(v)). Conversely, v and

qge determine CM and ¢€. By definition the cuspidality means that Resﬁx Szzzj)qe is a

direct sum of irreducible cuspidal Apso(v)-representations. Let € € Irr(Ape(v)) be
one of them, and let £ be the corresponding M °-equivariant cuspidal local system
on CM°. Then £ is a subsheaf of ¢€. See [AMSI] §5] for more background.

The triple (M,CM,¢&) (or (M,v,qe)) is called a cuspidal quasi-support for G.
We denote its G-conjugacy class by [M,CM, ¢€]g. With these data we associate the
groups

Ng(q€) = Staby,ar)(¢€),
5) Wae = Ng(a€) /M,
Wae = Neom (M) /M = Ngo (M®)/M° = W¢,
Nee = (Na(¢€) N N (P, M)) /M.
The group Wye acts naturally on the set
R(G°,T) :={a e X*(T)\ {0} : a appears in the adjoint action of T" on g}.
By [Lusl, Theorem 9.2] (see also [AMS2, Lemma 2.1]) R(G°,T) is a root system

(o]

with Weyl group Wie. The group Rye is the stabilizer of the set of positive roots
determined by P and

qu = W;g X fﬁqg.

We choose semisimple subgroups G; C G°, normalized by Ng(¢€), such that the
derived group Gg,, is the almost direct product of the G;. In other words, every G;
is semisimple, normal in G°M, normalized by W,e (which makes sense because it is
already normalized by M), and the multiplication map

(6) mgo:Z(GO)OXG1X~-'XGd—>GO
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is a surjective group homomorphism with finite central kernel. The number d is
not specified in advance, it indicates the number of independent variables in our
upcoming Hecke algebras. Of course there are in general many ways to achieve @
Two choices are always canonical:

o G =Gy, withd=1,

(7) e every Gj is of the form NiNy--- Ny, where {Ny,..., Ny}
is a Ng(g€)-orbit of simple normal subgroups of G°.
In any case, @ gives a decomposition
(8) 0=0.DPg1 D - -Dgqg where g, = Lie(Z(G")),g; = Lie(Gj).
Each root system
Rj = R(G]’T, T) = R(G]’, Gj N T)

is a Wye-stable union of irreducible components of R(G°,T). Thus we obtain an
orthogonal, We-stable decomposition

9) R(G°,T)=R;U---URy.

We let ¥ = (r1,...,rg) be an array of variables, corresponding to @ and @ in the
sense that r; is relevant for G; and R; only. We abbreviate

Clr] = Clry,. .., 14

Let f : (Wg/Wg)? — C* be a 2-cocycle. Recall that the twisted group algebra
C[Wg,t] has a C-basis {N,, : w € Wg} and multiplication rules

Nw . Nw’ = b(w,w')Nww/.

In particular it contains the group algebra of Wg.
Let ¢ : R(G°,T)ea — C be a Wye-invariant function.

Proposition 1.1. There exists a unique associative algebra structure on
C[Wye,t] @ S(t) @ C[r] such that:
o the twisted group algebra C[We,t] is embedded as subalgebra;
e the algebra S(t*) ® C[¥] of polynomial functions on t ® C? is embedded as a
subalgebra;
e C[r] is central;
o the braid relation N, & — **(N,, = c(a)rj(§ — *=€)/a
holds for all £ € S(t*) and all simple roots a € R;
o Ny,ENGL =€ for all € € S(H) and w € Rye.

Proof. For d = 1,G = G, this is [AMS2, Proposition 2.2]. The general case can
be shown in the same way. O

We denote the algebra just constructed by H(t, Wye, cr,f). When Woe = Wee,

there is no 2-cocycle, and write simply H(t, Wee, cr). It is clear from the defining
relations that

(10)  S(t)Wee @ C[F] = O(t x C)Wae is a central subalgebra of H(t, Wye, cF, ).
To the cuspidal quasi-support [M,CM, ¢€]g we associated a particular 2-cocycle

lae + (Wae /Weg)* — C,
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see [AMSI, Lemma 5.3]. The pair (M°,v) also gives rise to a We-invariant function
¢: R(G°,T)reqa — Z, see [Lus2, Proposition 2.10] or [AMS2, (12)]. We denote the
algebra H(t, We, cT, i¢), with this particular ¢, by H(G, M, ¢€,T).

In [AMS2] we only studied the case d = 1,R; = R(G°,T), and we denoted
that algebra by H(G, M, ¢€). Fortunately the difference with H(G, M, ¢€,T) is so
small that almost all properties of H(G, M, ¢€) discussed in [AMS2] remain valid for
H(t, Wee, cF, bige ). We will proceed to make this precise.

Write v = vy + - - - + vq with v; € g; = Lie(G}). Then

cM” =c)h —I—---—i—C?]}‘de , where M; = M°NG;.
The MP°-action on (CM°,€) can be inflated to Z(G°)° x My x --- x My, and the

v
pullback of £ becomes trivial on Z(G°)° and decomposes uniquely as

(11) maog:gl®"‘®gd

with £; a Mj-equivariant cuspidal local system on qu,\j 7. From Proposition and
[AMS2] Proposition 2.2] we see that

(12) H(G°,M°,E,7) = H(Gy, M1,&) @ -+ @ H(Gq, My, Eq).
Furthermore the proof of [AMS2, Proposition 2.2] shows that
(13) H(G, M, ¢€,7) = H(G°, M°,E,¥) x CRge, bgel-

To parametrize the irreducible representations of these algebras we use some ele-
ments of the Lie algebras of the involved algebraic groups. Let og € g be semisimple
and y € Zy(0o) be nilpotent. We decompose them along (8)):

0oy0 =0+ 001+ -+ 004 with 00,5 € 85,0z € 8z,
y=uy1+---+yqg withy; €gj.

v and

(7 0 _ r 0 T 0
14 a7 (5 %) =dn (3 0) +-+dwa (¥ 9,)

Notice that [o,y;] = [0},y;] = 2rjy;. Let us recall the construction of the standard
modules from [Lus2, [AMS2]. We need the groups

M;(y;) = {(g9j, M) € Gj x C* : Ad(g;)y; = Ny},
Me(y) = {(g.X) € G° x (C*): Ad(g)y; = Njy; Vi = 1,...,d},
M(y) = {(g,X) € G°Na(q€) x (C*)*: Ad(g)y; = Ny; Vi =1,....d},
and the varieties
Py, = {g(P°NGy) € G;/(P°NGy) : Ad(g )y, € Coy’ + Lie(UNGy) Y,
P ={gP° € G°/P° : Ad(g )y € C}'" + Lie(U)},
Py ={gP € G°Na(¢€)/P : Ad(g hHy ecM + Lie(U)}.
The local systems &;,€ and ¢€ give rise to local systems Efj,c‘f and ¢€ on Py, P,

and Py, respectively. The groups M;(y;), Mo (y) and M (y) act naturally on, respec-
tively, (Py,,&;),(Py,€) and (Py,¢€). With the method from [Lus2] and [AMS2]
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§3.1] we can define an action of H(G, M, ¢&,F) x M (y) on the equivariant homology
Hiw(y)o(Py, ¢€), and similarly for Hy‘”(y)c’(??;,é) and Hyj(y)o(Pyjagj)' As in [Lus2]
we build M, ()°
ES . =Co . ® H, 7Y (P, &)).
Y5,955T5 FALN) Hij(yj)O({yj}) Y507

Similarly we introduce

E° . — (CUF ® HMO(y) (7)0 5)
H o (D)

Ey,a,? = Co-’f-’ & Hy(y)o (Py, qc‘:)
M(y)O({y})

By [AMS2, Theorem 3.2 and Lemma 3.6] these are modules over, respectively,
H(Gj, Mj, &) x mo(Za, (00,5, 9;)), H(G®, M®, E,F) x mo(Zce (00, y)) and
H(G, M, q€, ) xmo(Zgo ng (q¢) (00, y))- This last action is the reason to use G° N (¢€)
instead of G in the definition of P,.

In terms of , there is a natural module isomorphism
(15) Eyor = indy G VDB

It can be proven in the same way as the analogous statement with only one variable
r, which is [AMS2, Lemma 3.3].

Lemma 1.2. With the identifications (12)) there is a natural isomorphism of
H(G°, M°, &, T)-modules
EO ~ (CGZ ® EO

Y,0,7 Y1,01,71

®--® B

Yd,0d,Td’

which is equivariant for the actions of the appropriate subquotients of Mo(y)

Proof. From () and Z(G°)Z(G;) C P° we get natural isomorphisms

(16) Pyy X -+ X Pyy = Py
Looking at and the construction of £ in [Lus2, §3.4], we deduce that
(17) E2E ® - @&y as sheaves on Py

From @ we also get a central extension
(18) 1 — kermge — Z(G°)° x My(y1) x -+ x My(yq) — M°(y) — 1.
Here ker mgo refers to the kernel of @, a finite central subgroup which acts trivially

on the sheaf £1 ®---® &y = mg.£. Restricting to connected components, we obtain
a central extension of M°(y)° by

M = Z(GO)O X Ml(y1>o X e X Md(yd)o
In fact, equivariant (co)homology is inert under finite central extensions, for all
groups and all varieties. We sketch how this can be deduced from [Lus2, §1]. By
definition

Hyzo o (P €) = H*(M°(y)°\(T x P2), 1)

for a suitable (in particular free) M°(y)° -variety I' and a local system derived from
£. On the right hand side we can replace M°(y)° by M without changing anything.
If T is a suitable variety for M, then I x I is also one. (The freeness is preserved
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because is an extension of finite index.) The argument in [Lus2l p. 149] shows
that
H*(M\(T x Py),r€) = H*(M\(I' x T x Py),xré) = Hi, (Py, €).
In a similar way, using [Lus2, Lemma 1.2], one can prove that
(19) HMW (P &) = HM (P2 €).
The upshot of , and is that we can factorize the entire setting along
, which gives
(20) HIY (P, &) @@ BN (P, £ = HI W (P2 €).

The equivariant cohomology of a point with respect to a connected group depends
only on the Lie algebra [Lus2), §1.11], so (18 implies a natural isomorphism

ey (1)) % Hiy, yl)o<{y1}> X Hg e (ad) = Hig, ().
Thus we can tensor both sides of (20) with C, 7 and preserve the isomorphism. [
Given p; € Irr(mo(Zg, (00,5, yj))), we can form the standard H(G;, M, £;)-module

] Pyp—
Yj.0jimipg Homﬂo(ZGj (00,5.) (Pis By oy.r;)-

Similarly p° € Irr(mo(Zge (00, y))) and p € Irr(mo(Zgo N (4e) (00, 4))) give rise to

E; o,7p° HomﬂO(ZGO (00,y)) (P ’ Eyzo' 7")

Byoip = HomWO(ZGONGv(qS)(O'Ovy))(p’ Eyo7)-

We call these standard modules for respectively H(G°, M°, £, 7) and H(G, M, ¢€,T).
The canonical map @ induces a surjection

(22) 70(Zc1 (00,1,91)) X -+ X m0(ZG,(00,d: Ya)) — m0(Zae(00,Y))-

Lemma 1.3. Let p° € Irr(mo(Zge(00,y))) and let ®§l:1 p; be its inflation to
H;lzl m0(Za; (00,4, y5)) via [22). There is a natural isomorphism of H(G®, M°, €, T)-
modules

(21)

- ®E)

Yd:0d;Td>Pd"

o ~ o
Ey,orp ng ®Ey1,01 T1,P1 ® -

FEvery ®] 1P € Irr(H] 1 7T0(ZG (UOJ, y;))) for which ® By o0, 1S nonZETO
comes from mo(Zgo(00,y)) via

Proof. The module isomorphism follows from the naturality and the equivariance in
Lemma [T.2
d d : d o

Suppose that &;_; p; € Irr(szl m0(Za; (00,4, 5))) appears in &1 Ey o)
By [AMS2, Proposition 3.7] the cuspidal support \I/ZG(UOj)(yj,pj) is Gj-conjugate
to (Mj,Cé\fj,Ej). In particular p; has the same Z(Gj)-character as &;, see [Lusll
Theorem 6.5.a]. Hence ®;p; has the same central character as mg, €. That central
character factors through the multiplication map (6]) whose kernel is central, so
®jp; also factors through @ That is, the map (22 induces a bijection between
the relevant irreducible representations on both sides. O

For some choices of p the standard module E, 7, is zero. To avoid that, we
consider triples (o, y, p) with

® 0y € g is semisimple,
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o y € Zy(op) is nilpotent,
e pelrr (TF()(Zg(O'(), y))) is such that the cuspidal quasi-support q¥ ;. (5, (¥, p)
from [AMST] §5] is G-conjugate to (M,CM, q€).
Given in addition 7 € C%, we construct o = oo+ d¥ (g_of) €gasin . Although
this depends on the choice of ¥, the conjugacy class of o does not.
By definition
H(G°N¢(¢€), M, ¢€,¥) = H(G, M, ¢€,T),

but of course mo(Zgong(qe)(00,y)) can be a proper subgroup of mo(Zg(o0,y)). As
shown in the proof of [AMS2, Lemma 3.21], the functor indmo(Ze(@0v) provides

m0(ZGoNg (qe) (00:Y))

a bijection between the p in the triples for G°Ng(¢€) and the p in the triples for G.
For p = indmo(Ze(o0:v) p we define, in terms of (21,

m0(ZgoNg (qe) (00,Y))
(23) Eyorp = Eyorp

The next result generalizes [AMS2, Theorem 3.20] to several variables r;. We define
Irrz(H(G, M, ¢&€,T)) to be the set of equivalence classes of those irreducible repre-
sentations of H(G, M, ¢€, ¥ on which r; acts as r;.

Theorem 1.4. Fiz i € C?. The standard H(G, M, ¢&,T)-module Ey 7, 15 nonzero
if and only if q¥ 7,00 (y, p) = (M, CM q€) up to G-conjugacy. In that case it has
a distinguished irreducible quotient M, 7 ,, which appears with multiplicity one in

E, 57,
yﬂa—ﬂ"’p
The map M, , 5, < (00,y, p) sets up a canonical bijection between

Irr7(H(G, M, ¢€,7)) and G-conjugacy classes of triples as above.

Proof. For H(Gj, M;,&;) this is [AMS2], Proposition 3.7 and Theorem 3.11]. With
and Lemma we can generalize that to H(G°, M°, ¢&,7). The method to
go from there to H(G°Ng(¢€), M, g€, 1) is exactly the same as in [AMS2, §3.3-3.4]
(for H(G®, M°,E) and H(G°Ng(¢€), M, ¢€)). That is, the proof of [AMS2], Theorem
3.20] applies and establishes the theorem for H(G°Ng(¢€), M, ¢&, 7). In view of
we can replace G°Ng(¢€) by G. O

The above modules are compatible with parabolic induction, in a suitable sense.
Let @ C G be an algebraic subgroup such that (Q N G° is a Levi subgroup of G° and
L C Q°. Let y,o,7,p be as in Theorem with o,y € q = Lie(Q). By [Ree, §3.2]
the natural map

(24)  m(Zg(0,y)) = m0(Zgnze(00) (W) = T0(Z24(00)(Y) = T0(Zc(0,Y))

is injective, so we can consider the left hand side as a subgroup of the right hand
side. Let p% € Irr(mo(Zg(0, y))) be such that q\I’ZQ(UO)(y,pQ) = (M,CM ¢&). Then

Ey,o,r,pa My,a,r,p, EQ pQ and MQ e are defined.

y?o.7r’ 707 7p

Proposition 1.5. (a) There is a natural isomorphism of H(G, M, ¢€,T)-modules

L Q ~
H(G, M, ¢, 1) H(Q,ng),qsf) B orpe = @p Homﬂo(ZQ(o,y))(pQ’ P) @ Eyorp,

where the sum runs over all p € Irr(mo(Za (o, y))) with
q\IJZG(O'()) (y7 P) = (Ma qu;wa qg)
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(b) For #=0 part (a) contains an isomorphism of S(t*) x C[Wye, ige]-modules

— Q ~J
H(G, M, ¢€. 1) H(Q % ¢€ F) M, 500 = @p Homz,(zg (o)) (P%p)® My o6,

¢) The multiplicity of M, ,#, in H(G, M, g€, T ® EC i
( ) p Y f Y,0,T,0 ( q ) H(Q,M,qé',f') y,a,r,pQ
[p? p}ﬂo(ZQ(U’y)). It already appears that many times as a quotient, via

E@ - M@

- Q - o- More precisely, there is a natural isomorphism
Y,0,7,p Y,0,7,p

Homg (@, 1,46 ) (My%,f, Jor Myo7p) = Hotlr (74 (0. (0%, 0)"

Proof. For twisted graded Hecke algebras with only one parameter r this is [AMS2,
Proposition 3.22]. Using Theorem the proof of that result also works in the
present setting. U

For an improved parametrization we use the Iwahori-Matsumoto involution, whose
definition we will now generalize to H(G, M, ¢&€, 7). Extend the sign representation
of the Weyl group W;g to a character of Wye which is trivial on JRye. Then we define

(25) IM(N,,) = sign(w) Ny, IM(r;) =r;, IM(§) = =€ (€ € t7).
Twisting representations with this involution is useful in relation with the properties

temperedness and (essentially) discrete series, see [AMS2, §3.5].

Proposition 1.6. (a) Fiz 7€ C?. There exists a canonical bijection

(90,9, p) «— IM Myxﬁ((’; _%)—m,ﬁp
between conjugacy classes triples as in Theorem and Irr(H(G, M, ¢€,T)).
(b) Suppose that R(T) € R‘éo. Then IM*My dﬂ(,r ﬂ) _ s tempered if and only

vy 0_07. —00,T,p
if o9 € itg = 1R ®y X*(T)

— d * .
(c¢) Suppose that R(T) € R%,. Then IM My,dv”(S _F)—ao,ﬁp

series if and only if y is distinguished in g.

1s essentially discrete

Moreover, in this case o9 =0 and Ey 7, = My 57 ,-
Proof. Part (a) follows immediately from Theorem Parts (b) and (c) are con-
sequences of [AMS2] §3.5], see in particular (84) and (85) therein. O

2. TWISTED AFFINE HECKE ALGEBRAS

We would like to push the results of [AMS2] and the previous section to affine
Hecke algebras, because these appear more directly in the representation theory of
reductive p-adic groups. This can be achieved with Lusztig’s reduction theorems
[Lus3]. The first reduces to representations with a ”real” central character (to be
made precise later), and the second reduction theorem relates representations of
affine Hecke algebras with representations of graded Hecke algebras.

Our goal is a little more specific though, we want to consider not just one (twisted)
graded Hecke algebra, but a family of those, parametrized by a torus. We want to
find a (twisted) affine Hecke algebra which contains all members of this family as
some kind of specialization. Let us mention here that, although we phrase this
section with quasi-Levi subgroups and cuspidal quasi-supports, all the results are
equally valid for Levi subgroups and cuspidal supports.
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Let G be a possibly disconnected complex reductive group and let (M,CM, ¢&)
be a cuspidal quasi-support for G. For any t € T' = Z(M)° the reductive group
Gt = Zg(t) contains M, and we can consider the twisted graded Hecke algebra

H(Gt, M, qg, F) = H(t, NGt (qg)/M, th, ﬂqé‘,t)-

Here T = (r1,...,rq) refers to the almost direct factorization of G§ induced by (g).
Let us investigate how these algebras depend on t. For any ¢ € T, the 2-cocycle
heet of Ng,(¢€)/M is just the restriction of fge : Wng — C*. This can be seen
from [Lusl, §3] and the proofs of [AMSI, Proposition 4.5 and Lemma 5.4]. More
concretely, the perverse sheaves (pr;)1g€ and (pr;)1g€" on Lie(G) from [AMS2, (90)]

and [Lus2, §3.4] naturally contain the corresponding objects (pry ;)1g€, (pru);q'é’*
for G;. The algebra

C[Ne, (a€) /M, e 4] = Endprie(G, s (Pr1.0)14€)
from [AMSI] Proposition 4.5] is canonically embedded in

ClWae, 1ge] = Endpric(a)ps ((pry)1g€).

We will simply write Wye 1 for Ng,(¢€)/M, and fge for fge +.
On the other hand, the parameter function ¢; : R(Z¢g(t)°, T)req — C can depend
on t. Recall that ¢;(a) was defined in [Lus2l §2]. For any root o € R(G°,T):

go C Lie(Gy) <= a(t) = 1.

From [Lus2, Proposition 2.2] we know that R(G°,T) is a root system, so
R(G°,T) NRa C {a,2a, —a, —2a} for every nondivisible root a.

Proposition 2.1. [Lus2, Propositions 2.8 and 2.10]
(a) Suppose that R(G°,T) NRa = {a, —a}. Then c(«) satisfies

(26) 0= ad(v)ct(a)_1 S0 — 9o and 0# ad(v)cﬁ(a)_2 Do = Oa-

This condition is independent of t, as long as g, C Lie(Gy). So we can unam-
biguously write c(a) for ci(a) in this case. Moreover c¢(a) € N is even.
(b) Suppose that R(G°,T) NRa = {a, 20, —cv, —2a}.

When a(t) = 1, {a,2a} C R(Z¢(t)°,T). Then () is again given by (26)),
and it is odd. We write c(a) = ¢i(«) for such a t € T. Furthermore c;(2c) is
given by with 2a instead of o, and it equals 2.

When a(t) = —1, still 2a € R(Zq(t)°,T), and ¢:(2a) is given by with

2 instead of a. It equals 2, and we write ¢(2a) = 2.

With the conventions from Proposition [2.1] ¢, is always the restriction of
c¢: R(G°,T) = Cto R(Zg(t)°, T)red-
Now we construct the algebras that we need.

Proposition 2.2. Consider the following data:
e the root datum R = (R(G°,T), X*(T), R(G°,T)V, X.(T)), with simple roots
determined by P;
o the group Wye = Wg X Rye;
e a 2-cocycle i : (Wye /WG)? — C%;
o Wye-invariant functions X : R(G°,T)reqa — Z>0 and X* : {a € R(G°, T)yed :
av e 2X*(T)} — Zzo;
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e an array of invertible variables Z = (z1, ... ,2q), corresponding to the decom-
position of g.
The vector space
O(T x (C*)) ® C[Wee] = CIX*(T)] @ C[Z,Z ] © C[W¢] ® C[Ree. f]
admits a unique algebra structure such that:
e C[X*(T)],C[Z,Z '] and C[Rye,l] are embedded as subalgebras;
o C[Z,Z Y =Clz1,2,",...,24,2; "] is central;
o the span of W¢ is the Iwahori-Hecke algebra H(W¢, 72 of Wg with param-
eters Z2N) . That is, it has a basis {N,, : w € W2} such that
Ny N, = Ny if {(w)+L(v) = L(wv),
(N, + z;)‘(a))(Nsa — z;‘(a)) = 0 ifa€ R(G;T,T)ed is a simple root.
o fory e Rye,we Wg and x € X*(T):
NyNuwO:NTH = Ny =10, ().

o for simple root « € R(G;T,T)reqa and x € X*(T), corresponding to 6, €
O(T):

esza - Nsaesa(w) =

{ (22 = 22) (0, = 0, (2)/ (60 — 00 oV ¢ 2X.(T)

(22— 2 M 02— 2N (0, = 0, () /(00 — O-20) V¥ € 2X.(T)

J J J J

Proof. In the case Rye = 1, the existence and uniqueness of such an algebra is well-
known. It follows for instance from [Lus3, §3], once we identify T, from [Lus3] with

z;‘(a)Nsa. It is called an affine Hecke algebra and denoted by H(R, A\, \*, Z).
Since A and \* are W e-invariant,
Ayt Nyl = Ny 102
defines an automorphism of H (R, A, \*, Z). Clearly
Rge = Aut(H(R, A\, N, 2)) : v = A,

is a group homomorphism. Pick a central extension 9{;5 of NRye and a central
idempotent py such that C[Rge, ] = PHC[ER;E]. Now the same argument as in the
proof of [AMS2, Proposition 2.2] shows that the algebra

(27) C[Rge, ] X H(R, A\, ", Z) = pu(C[D%;g] X H(R,\,\*,Z) C 9%;;5 X H(R,\, A", Z)
has the required properties. O

When R,e = 1, specializations of H(R, A\, \*,Z) at ¥ =7 € R‘io figure for example
in [Opdl]. In relation with p-adic groups one should think of the variables Z as as
( Jl-/ 2)?:1, where ¢; is the cardinality of some finite field.
We define, for o € R(G°, T )yeq:

Ma) = cla)/2 200 ¢ R(G°,T)
0% M) = cla)/2 2 ¢ R(G°,T),a" € 2X,(T)
28 Na) = cla)/2+c2a)/4 20 ¢ R(GO.T)

Ma) = cla)/2—-c(2a)/4 2a € R(G°,T).
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By Proposition [2.1) AM(«) € Z>¢ in all cases.
For § = ¢ [AMS2, (91)] says that

ClRge, bae] = Endpp o gy (11)16E).
We denote the algebra constructed in Proposition [2.1, with these extra data, by
H(G, M,q€,Z). Since it is built from an affine Hecke algebra H(R,\, \*,Z) and a

twisted group algebra C[We, 4], we refer to it as a twisted affine Hecke algebra.
When d = 1 we simply write H(G, M, ¢€). We record that

The same argument as for [AMS2, Lemma 2.8] shows that
(30) H(G, M, q€,7) = H(R, A\, \*,Z) x Endf; ((pr1)ig€).

If we are in of the cases , then with this interpretation H(G, M, ¢€,Z) depends
canonically on (G, M,q€). In general the algebra H(G, M, ¢€,Z) is not entirely
canonical, since it involves the choice of a decomposition .

Lemma 2.3. O(T x (C*)Y)Wee = O(T)Wet @ C[Z,Z7"] is a central subalgebra of
H(G, M, qg). It equals Z(H(G, M, qE) if Wye acts faithfully on T

Proof. The case Wye = 1,d = 1 is [Lus3, Proposition 3.11]. The general case from
readily from that, as observed in [Sol3, §1.2]. O

2.1. Reduction to real central character.
Let T = Ty, x T be the polar decomposition of the complex torus 7', in a unitary
and a real split part:

Twn = Hom(X*(T), S1) = exp(itg),

(31) Tys = Hom(X*(T), Rsg) = exp(t).

Let t = (t[t|™1) |t| € Tun x Tis denote the polar decomposition of an arbitrary element
tefT.

By Lemma every irreducible representation of H(G, M, ¢&,Z) admits a
O(T x (C*)?)Wae_character, an element of T/Wye x (C*)%. We will refer to this
as the central character. Following [BaMol Definition 2.2] we say that a central
character (Wgt, 2) is "real” if 7 € RZ, and the unitary part t[t|~! is fixed by Wg.

For t € T we define Zg(t) to be the subgroup of G generated by Zg(t) and the
root subgroups for a € R(G°, T) with 2a € R(Zg(t)°, T). The group Zg(t) is such
that R(Zg(t)°,T) consists of the roots & € R(G°,T) with so(t) = t. The analogue
of Mye for Zg(t) is Rye s, the stabilizer of R(Zg(t)°, T) N R(P,T) in Wye .

Our first reduction theorem will relate modules of H(G, M, ¢€,Z) and of
H(Zg(t), M, ¢€,Z). Assuming that every z; acts via a positive real number, we end
up with representations admitting a real central character. To describe the effect on
O(T x (C*)%)-weights, we need some preparations. Consider the set

Wt = {w e W 1 w(R(Za(t)°, T) N R(P,T)) C R(P,T)}.

Recall that the parabolic subgroup P C G° determines a set of simple reflections
and a length function on the Weyl group W¢.

Lemma 2.4. (a) Wgo’t s the unique set of shortest length representatives of
We /W (Za(t)°,T) in Wg.
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(o}

(0) Upemwer w Y equals tﬁ’t, the analogue of t for the group Za(t)°.
&
holds for tIEJr.
(c) {x etr: Wg’taz C tg } equals tﬂg’t, the analogue of tg for Zg(t)°.

The same

Proof. (a) This is well-known when Zg(t)o is a parabolic subgroup of G°, see for
example [Hum| 1.10]. The same argument works in the present situation.

(b) Suppose that x € tf and o € R(Zq(t)°,T)N R(P,T). For all w € Wg’t we have
wa € R(P,T), so

(o, wz) = (wa, ) > 0.

Hence Uwewg,t w*1t§ C tﬁg’t. Let S be a sphere in tg centred in 0. Then

vol(S) /vol(S Nth) = [Wg| and vol(S)/vol(S N ") = [W(Za(t)°, T)|.
With part (a) it follows that
(32) (W vol(S N ) = [Welvol(S N ) /|W (Za(t)°, T)| = vol(S N ).

Since tﬁ is a Weyl chamber for W¢, the translates wtﬁg intersect tﬁg only in a set of
measure zero. Hence the left hand side of is the volume of SN Uwewg,t w .

As Uwewg,t w*1t§ - tﬁ’t and both are cones defined by linear equations coming
from roots, the equality shows that they coincide.

The same reasoning applies to t; and the dual root systems.
(c¢) The definition of Wg’t entails Wg’ttﬂg’t C ti. Conversely, suppose that = € tr
and that Wg’t:x C tg. For every w € Wg’t and every \ € tff&ﬁ:

(x, w A = (wz, \) <0.
In view of part (b) for ¢, this means that € tﬂg’t. O

Theorem 2.5. Lett € Tyy,.

(a) There is a canonical equivalence between the following categories:
e finite dimensional H(Zq(t), M, q€,Z)-modules with O(T x (C*)*)-weights
in tTys x R
e finite dimensional H(G, M, g€, Z)-modules with O(T x (C*)%)-weights in
WyetTis x RZ,.
It is given by localization of the centre and induction, and we denote it (sugges-
(G,M,¢€,%)
(Za(t),Mq€,2)"
(b) The above equivalences are compatible with parabolic induction, in the following
sense. Let QQ C G be an algebraic subgroup such that Q N G° is a Levi subgroup

of G° and QQ D M. Then

3 H(G’M)qui) 3 H(ZG(t)szqgvi) _ H(GvM’qg7z) : H(QvM»qui)
indy Zew.araes) © Pz Maez — D@ © My z, 0).010e.2)

. Y,
tively) by ind_,

p . . H(G,M.gE Z) .
(c) The set of O(T x (C*)*)-weights of lndH(ZG(t),M,qS,Z)(V) is

{(wz,2) :w e ReWe', (,2) is a O(T x (C*)?)-weight of vV}

Proof. (a) The case d = 1,R4e = 1 was proven in [Lus3, Theorem 8.6].
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Let 9%;5 — MRye be a central extension as in . Then
H(G, M,q€,Z) = H(G°, M°,E,Z) x puC[%;}],

(33) H 7 >\ 3 o = +
(ZG(t)vM) qE,Z) - H(ZGO (t)’M 78’2) e ph@[g{qg].

As py € (C[ker(%;;g — Mye)] is a central idempotent, we may just as well establish
the analogous result for the algebras

H(G°,M°,E,7) xR}y and  H(Zo(t), M°,E,7) x R}

Since we are dealing with finite dimensional representations only, we can decompose
them according to the (generalized) weights for the action of the centre. Fix (z,2) €
Tis X R‘io. Denote the category of finite dimensional A-modules with weights in U
by Mody,7(A). We compare the categories

MOdf,qu’ttmx{E} (H(ZE;O (t)7 M07 ga Z) X m;g)a

(34) o o = +
Mody, e taxizy (H(G, M°, E,7) x R ).

The most appropriate technique to handle the general case is analytic localization,
as in [Opdl, §4] (but there with fixed parameters zi,...,24). For a submanifold
U CT x(C*)? let C¥(U) be the algebra of complex analytic functions on U. We
assume that U is We-stable and Zariski-dense. Then the restriction map

O(T x (C*)4) — C(U) is injective, and we can form the algebra

(35) HO(U) := C(U)Wae ® H(G°, M°,E,7) x Rl
O(Tx(Cx)d)ae

As observed in [Opdl, Proposition 4.3], the finite dimensional modules of H**(U)

can be identified with the finite dimensional modules of H(G°, M°, £, Z) x D%l‘;g with

O(T x (C*)%)-weights in U.

In [Sol3l, Conditions 2.1] it is described how one can find a sufficiently small open
neighborhood Uy C T x (C*)? of (x,7). We take U = WeeUp and U = Wee +Uo.
By Lusztig’s first reduction theorem, in the version [Sol3l Theorem 2.1.2], there is a
natural inclusion of

HNO) = Cm @)Y @ H(Zge(t), M°LE,2) % R
O(T % (Cx)d)Vae
in H*"(U), which moreover is a Morita equivalence. Hence the composed functor

H(G®,M° £,Z) xR, ) ~ o o i
H(Z&o(t),M°,57z;x%;g i Mod 5 (H(Zeo (1), M°, €,2) x Rye) —

Modj (H§™(U)) = Mod (H*(U)) = Mody,u (H(G°, M°, €,7) x R;)

ind

is an equivalence of categories. We specialize this at Wyetx x {Z} C U and we
restrict to modules on which py acts as the identity. Via and this gives the
(G,M & ,7)

(Zg(t),M g€ 2)’

(b) We just showed that the above functor is really induction between localizations
H(G,M g€ ,Z) Th
H(QMaqE7)
the acclaimed compatibility with parabolic induction is just an instance of the tran-

sitivity of induction.

required equivalence of categories indZ

of the indicated algebras. Similar remarks apply to the functor ind
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(c) Lemma [2.4la and the constructions in [Sol3) §2.1] entail that

.. TH(G,MgE,Z) ~ o,t
(36) md?—l(Zb(t),M,qS,Z)(V) = ClReeWe™ e [mqi,ﬂqs} v
as O(T x (C*)%)-modules. Notice that the group M,e; acts from the right on
mqgwgﬂt, because it stabilizes R(Zg(t)°,T) N R(P,T). Since

H(Za(t), M, q€,Z) = H(Zg(t)° M, M, q€,7) x C[Rye 1, g,

the O(T x (C*)4)-weights of V come in full R, s-orbits. It was observed in the proof
of [Opd1, Proposition 4.20] that the O(T x C*)%)-weights of Cw ® V (w € W;t)
are precisely (wz,?) with (z,2) a O(T x (C*)%)-weight of V. Multiplication by
N, (v € Rge) just changes a weight (x,2) to (yx,Z). These observations and

prove that the O(T x (C*)%)-weights of 1ndzg~cj\é)q§;3 872)(V) are as stated. O
In our reduction process we would like to preserve the analytic properties from
[AMS2, §3.5]. Just as in [AMS2l (79)], we can define O(T')-weights for modules of
affine Hecke algebras or extended versions such as H(Zg(t), M, ¢€,7). We denote
the set of O(T)-weights of a module V' for such an algebra by Wt(V'). We can apply
the polar decomposition to it, which gives a set |[Wt(V)| C Ts.
Let us recall the definitions of temperedness and discrete series from |[Opd1}, §2.7].

Definition 2.6. Let V' be a finite dimensional H(G, M, ¢€,Z)-module. We say
that V' is tempered (respectively anti-tempered) if [Wt(V')| C exp(tg), respectively
C exp(—tg).

We call V' discrete series (resp. anti-discrete series) if [Wt(V')| C exp(tz™), re-
spectively C exp(—tg ).

The module V' is essentially discrete series if its restriction to H(G§3,, M, M, ¢€, Z)
is discrete series, or equivalently if [Wt(V')| C exp(Z(g) ® t ).

The next result fills a gap in [Sol3l Theorem 2.3.1], where it was used between
the lines. Similar results, for G, only and with somewhat different notions of
temperedness and discrete series, were proven in [Lusb, Lemmas 3.4 and 3.5].

Proposition 2.7. The equivalence from Theorem[2.5.a, and its inverse preserve:

(a) (anti-)temperedness,
(b) the discrete series,

(¢) the essentially discrete series property, provided that R(Zg(t)°,T) has full rank
in R(G°,T).

Remark. The extra condition for essentially discrete series representations is
necessary, for the centre of Z;(t)° can be of higher dimension than that of G°.

Proof. Let V be a finite dimensional H(Zg(t), M, ¢€, Z)-module with O(T x (C*)%)-

weights in tT35 x R .
(a) The O(T)-weights of indzgg\é’)‘]i}z‘; . 2)(V) were given in Theorem c. As
log = exp™! : T} — tg is Wye-equivariant, it entails that

H(G,M g€ Z)

log |Wt (indH(ZG(t),M,qE,Z)

V)| = ReeWe' log |[Wt(V)].
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Recall from Lemma 2.4lc that
el ={retp: Wole ctg) = {r e tp: RyeW'z C t5}.

Comparing these with the definition of (anti-)temperedness for G and for Zg(t), we

(G,M g€ ,Z) '
(Za(t),M,q€ Z) (V) 1S so.

(b) We have to assume that Z(G°) is finite, for otherwise exp(t; ™) is empty and
there are no discrete series representations on any side of the equivalences.

Suppose that V is discrete series. Then Zg(t)° is semisimple, so R(Zg(t)°,T) is
of full rank in R(G°,T). This implies that t]if’t is an open subset of t; . The same
H(G,M g€ ,Z)
H(Za(t),MqE Z)
H(G,M g€ ,Z)
H(Za(t), M€ 7) -
so V is tempered and |[Wt(V)| C eXp(tﬂg’t). Suppose that Zg(t)° is not semisimple.
Then

see that V is (anti-)tempered if and only if indZ

argument as for part (a) shows that ind (V) is discrete series.

Conversely, suppose that ind (V) is discrete series. It is tempered,

tz = Lie(Z(Z6(1)) = [, cp e KO
has positive dimension. In particular t;, contains nonzero elements A\ € tf?{r, for
example the sum of the fundamental weights for simple roots not in RR(Z¢(¢)°,T).
Let ¢ € T be any weight of V. Then log|t/| € t"* C Lie(Zg(t)S,,). Hence

(log|t'|, A) = 0, which means that log|t'| € t; \ tg~. But t’' is also a weight of
g PHC M aE)
H(Za(t),M,q€) B
This contractiction shows that Zg(t)° is semisimple.
Suppose now that log [t'| does not lie in the interior of tﬂg’t. Then it is orthogonal

(V), and that is a discrete series representation, so log|t'| € t5 .

to a nonzero element X\’ in the boundary of t£+’t. By Lemma b we can choose a
w € W' such that w)\' € t . Theorem c wt’ is a weight of indzg’]\é’)qi/}zi . i)( ),
G »vih,gde,

and it satisfies
(log |wt'|, wX') = (log [t'| , ') = 0.

: N e . . H(G,M,qE 7) C
This shows that log |wt'| ¢ tz~, which contradicts that ind M Ze (DM g g,z)(V) is dis-

crete series. Therefore log [t'| belongs to tﬁ_’t. As t' was an arbitrary weight of V|

this proves that V is discrete series.
(G, M g€ 7)

. (ZG(t)vM»q‘g:Z)
H(G M, M, qE,Z) is discrete series, so by what we have just proven V is discrete

(c) Suppose that indz (V) is essentially discrete series. Its restriction to

series as a H(Zgs wm(t), M, g€, Z)-module, and Zg/ger(t)o is semisimple. Then the
restriction of V' to the smaller algebra H(Zg(t)3.,, M, M, ¢€,Z) is also discrete series,
so V is essentially discrete series.

Conversely, suppose that V' is essentially discrete series. The assumption that
R(Zg(t)°,T) has full rank in R(G°,T) implies that Z(G°) is also the centre of

Zc(t)°. The same argument as in the tempered and the discrete series case shows
that

. H(G,MqE Z) __
‘Wt(de(ZG(t),M,q&Z)V)‘ C exp(ty~ @ Z(g)).
. . H(G,M,gE 7) . . . .
This means that ind (Za(D) Mg 872)(1/) is essentially discrete series. O
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Suppose that t' € Wyet. Then we can apply Theorem a also with ¢’ instead of
t, and that should give essentially the same equivalence of categories. We check this
in a slightly more general setting, which covers all ¢ € T'N Ad(G)t. We note that

TNAA(G)t =T NAA(Ng(T))t D Wet.
Let g € Ng(M) = Ng(T), with image g in Ng(M)/M. Conjugation with g yields
an algebra isomorphism
Ad(g) : H(Za(t), M, ¢€,2) — H(Za(gtg™"), M, Ad(g™)"4€, 2),
Ad(Ny) = Ngyg-1,  Ad(9)0z = Oz0nd(g-1) = 052,  Ad(9)z5 = 25,

gwg

(37)

where w € Wye and € X*(T'). Notice that this depends only on g through its
class in Ng(M)/M.

Lemma 2.8. Lett € Ty, and g € Ng(M). Then

. H(G,Mq€ ) B % . TH(G,M,Ad(g~1)*¢€,2) —1hyx
indy 2 araes) = A9 o Indy 2 gt adlg-1)yge,m) © AAIT)

as functors between the appropriate categories of modules of these algebras (as spec-

ified in Theorem .

Remark. This result was used, but not proven, in [Lus4, §4.9 and §5.20] and
[Sol3, Theorem 2.3.1].

Proof. Our argument for Theorem a, with , shows how several relevant re-
sults can be extended from H(G°M, M, ¢€,7Z) to H(G, M, ¢€,Z). This justifies that
below we use some results from [Lus3], which were formulated only for H(G° M, M, ¢€).

Let (7, V') be a finite dimensional H (G, M, ¢€)-module with O(T x C*)-weights in
WeetTrs x Rso. In [Lus3l §8] V' is decomposed canonically as @t,ewqgt Vyr.,, where
Vi, is the sum of all generalized O(T)-weight spaces with weights in #'T}s. Then
Vit is a module for H(Zg(t'), M, ¢€) and

_ i MG, M g€ Z)

(38) V= indyy e anae s (V)

Assume that g € Ng(M,q€), so g € Wye. Then Vig,, and V17, are related
via multiplication with an element 75, which lives in a suitable localization of
H(G, M, q€,Z) [Lus3l, §5]. We can rewrite the right hand side of as

. 7H(G,M,q&,Z) . . 7H(G,MqE,Z)
(39) lndH(ZG(t)vaqui) (Tqu_lthrs) - Tg (lndH(ZG(gtgil)vaqgﬂi) (‘/g_lthrS)) )

From [Lus3l §8.8] and [Soll, Lemma 4.2] we see that the effect of conjugation by
15 on H(G, M, q€,Z) and H(Zq(t), M, ¢€,Z) boils down to the algebra isomorphism
(37). The right hand side of becomes

x . H(G,MqEZ —1\%
Ad(g) ode(jG(gtg_l)’M’qg,z)oAd(g )*(Vir) s

which proves the lemma for such g.
Now we consider a general g € Ng(M). We will analyse

% . 1H(G,M,Ad(g~1)*¢&,Z) —1y%
(40) Ad(g) OlndH(Z”G(gtg—1g)7M7:d(g—1)*qg7i)OAd(g 1) (‘/tTrs)'

From the above we see that the underlying vector space is

D r(Ade V)= B Adlg) Vi, = Ad(gT) V.
wegWaeg~/gWae 191 WEWye /Woe t
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The action of H(Za(gtg™"), M,Ad(g~")*¢€,Z) = Ad(g)H(Za(t), M, ¢E,Z) works
out to

(Ad(g)h) - (Ad(g~")*v) = Ad(g™")*(h - v).
Thus can be identified with V. O

2.2. Parametrization of irreducible representations.
Next we want to reduce from H(Zg(t), M, g€, Z)-modules to modules over
H(G¢, M, ¢€,7). The exponential map for T' x C* gives a Wyg ;-equivariant map

exp, 1 t® C? — T x (C*)<, exp(z,r1,...,rq) = (texp(z),expri,...,expry).
Notice that the restriction exp, : tr @ R — tThs X Rio is a diffeomorphism.

Theorem 2.9. Lett € Tyy,.

(a) There is a canonical equivalence between the following categories:
e finite dimensional H(Gy, M, g€, ¥)-modules with O(t & C%)-weights in
tg D Rd;
e finite dimensional H(Zq(t), M, q€,Z)-modules with O(T x (C*)%)-weights
in tTys x R,
It is given by localization with respect to central ideals in combination with the
map exp;. We denote this equivalence by (e€xp;)s.
(b) The functor (exp;). is compatible with parabolic induction, in the following
sense. Let QQ C G be an algebraic subgroup such that QQ N G° is a Levi sub-
group of G° and Q D M. Then

. H(Za(t),M g€ 7) Qv . (H(Gy,M,q€ )
) Zo ) Mge z) © (P ) = (xXPe)w 0 indgy g e .

(¢) The functor (exp,)« preserves the underlying vector space of a representation,
and it transforms a S(t*®C%)-weight (x, 7) into a O(T x (C*)?)-weight exp, (z, 7).

(d) The functors (exp,)« and (exp,);! preserve (anti-)temperedness and (essentially)
discrete series.

Proof. (a) The case d = 1, R4 = 1 was proven in [Lus3, Theorem 9.3].

For the general case we use the similar techniques and notations as in the proof
of Theorem 2.5la. By the same argument as over there, it suffices to compare the
categories

Mody,w, e tox (2} (H(Za(t)°, M°,€,2) x R ),
Mod 11w, , tog(x) x {log(2)} (H(Za(t)°, M®, E,F) 0 R e ).
Recall from that the parameter functions for these algebras are related by

(41)

ci(a) = 2)\(a) 2a ¢ R(Za(t)°, T),
(42) c(a) = AMa)+ X (a) 2a € R(Zg(1)°, 1), a(t) = 1,
a(2a)/2 = Ma)— X (a) 200 € R(Zg(t)°,T), a(t) = —1.

Let us define k : R(Zg(t)o,T red — R by

E(a) = 2X«a) 20 ¢ R(Zg(t)°,T),

(43) Ka) = Ma)+a®N(a) 20 € R(Zu()°.T).
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The only difference between H(t, W (Zg(t)°,T),kt) and H(Zg(t)°, M®,E,T) arises
from roots a € R(Zg(t)°,T) \ R(Zg(t)°,T) with a(t) = —1. The corresponding
braid relations are
N & —%EN,, = (Ma) =X (a)rj(€ =€) /a  inH(t,W(Za(t)°, T), k),
Ngpo& — 206N, = a(20)r;(§ — &)/ (20) in H(Zg(t)°, M°,E,T).

Since s = S24 and ¢;(2a) = 2(A(a)—A*(«)), these two braid relations are equivalent,
and we may identify

(44) H(t, W(Za(t)°,T), k) x Rl , = H(Za(t)°, M°, €,F) x R .

Let V C t x C?% be a We t-stable, Zariski-dense submanifold. Like in we can
form the algebra
H (V) = Co(V)Yeer @ H(LW(Za(t)°,T), kF) @ R .
O(f@(cd)wqg,t ’
The argument for [Opd1], Proposition 4.3| shows that its finite dimensional modules
are precisely the finite dimensional H(t, W (Zq(¢)°, T), kT) % 9{;5 ,-modules with
O(t@® Ch)-weights in V. If exp, is injective on V, it induces an algebra isomorphism

(45) expy : Can(expt(V))WqS,t N Can(V)qu,t.

We suppose in addition that V' is contained in a sufficiently small open neighborhood
of tg @ R?. In view of the relations between the parameters and , we can
apply [Sol3, Theorem 2.1.4.b]. It shows that (45) extends to an isomorphism of
C(V)Wae t-algebras
(Pt : Can(eXpt(V))qu’t X H(ZG(t)O7 MO7572) X %;Et — H?n(v)’
O(T x (Cx)d)Vae t ’
which is the identity on (C[i)‘i;g’t].

Choosing for V a small neighborhood of We ;log(z) x {log(?)} in t ® C%, &,
induces an equivalence between the categories of modules with weights in, respec-
tively, Wye stz x {2} and Wye ¢ log(x) x {log(%)}. In view of [Opdl, Proposition 4.3]
and , this provides the equivalence between the categories (41)).

Since @ fixes py € C[%;&t], we can restrict that equivalence to modules on which
py acts as the identity.

(b) For G° this is shown in [BaMo, Theorem 6.2] and [Sol2, Proposition 6.4]. Ex-
tending G° to a disconnected group boils down to extending the involved algebras
by C[Rge ¢, iqe] or C[mgg,t’ 04e]. As we noted in proof of part (a), the algebra homo-
morphism ®; used to define (exp;), is the identity on C[Rqe ¢, ge| C C[m;&t]. Hence
this extension works the same on both sides of the equivalence, and the argument
given in [Sol2l §6] generalizes to the current setting.
(c) By construction [Sol3], §2.1] (exp,)«m = moexp} as O(T x (C*)?%)-representations.
(For f € O(T x (C*)?) the action of f o exp, on the vector space underlying = is
defined via a suitable localization.) This immediately implies that (exp,). has the
effect of exp, on weights.
(d) This result generalizes the observations made in [Slol, (2.11)]. Let V' be a finite
dimensional H(Z¢g(t), M, g€)-module with O(T x (C*)%)-weights in tT}s x Rsq. By
part (b)

Wit((exp,); V) = exp; H(Wt(V)) C tg.
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By assumption t € Ty, so we get
[Wt(V)| = exp (%(Wt((expt)*_lV))).

Comparing |[AMS2, Definition 3.24] and Definition we see that (exp;), and
(exp;); ! preserve (anti-)temperedness and the discrete series. With [AMS2] Defini-
tion 3.27] we see that "essentially discrete series” is also respected. 0

Theorems and together provide an equivalence between H(Gy, M, g€, T)-
modules with central character in tg/Wye x R? and H(G, M, g€, Z)-modules with
central character in WyetTrs/Wye X Rio, where t € Tyy.

Recall from [AMS2, Corollary 3.23] and Theorem that we can parametrize
Irr(H(Gy, M, g€, T)) with Ng,(M)/M-orbits of triples (o¢,C,F), where o¢ € t, C
is a nilpotent Zg, (0¢)-orbit in Zz(op) and F is an irreducible Zg, (0¢)-equivariant
local system on C such that ¥z, (5,)(C, F) = (M, CM q&), up to Zg,(00)-conjugacy.

To find all irreducible representations with S(t*)"e¢-character in tg, and those
are all we need for the relation with affine Hecke algebras, it suffices to consider
such triples (o¢,C,F) with o¢ € tg. To phrase things more directly in terms of the
group G, we allow t to vary in Ty, and we replace o by t' = texp(og) € tTys. In
other words, we consider triples (¢',C, F) such that:

e t' € T with unitary part t = ¢/|t/|!;

e C is a nilpotent Zg(t')-orbit in Zy(t') = Lie(Gy).

e Fisan irreducible Zg(t')-equivariant local system on C with q¥ 7,4 (C, F) =
(M,CM &), up to Zg(t')-conjugacy.

To such a triple we can associate the standard H(Gy, M, ¢€, ¥)-modules

(46) and IM*FE (ggr) 7p’

ylog|v|+a7(§ O) e v~ log |V/|-+d7

where y € C and p is the representation of mo(Zg(t',y)) on F,. Furthermore
v : SLa(C) — Z;(t')° is an algebraic homomorphism with

(47) dy () =y and dy(} %) et

and d¥ (SPF) is given by . The modules have distinguished irreducible
quotients
IM*M - .
PF) 7F7p and Y,— 10g |t/|+d:};<6 B;F‘) 7F7p
By [AMS2] Corollary 3.23] all these representations depend only on the N¢, (M) /M-
orbit of (#,C, F), not on the additional choices.
For z € R% we consider the irreducible (G, M, g€, Z)-module
i MCME 2)

*
(48) Ny Zo0)2e.0) P IM Mydy(logf 0
’ 0 —logZ

M .
ylog t/|+d7(

)—log |t/),log Z,p.

Lemma 2.10. Fiz 7 € Rio. The representations (48|) provide a bijection between
Irrz(H(G, M, q€,Z) and Ng(M)/M-orbits of triples (t',C,F) as above.

Proof. For irreducible H(G, M, ¢€)-representations with central character in
WoetTis X Rsq this follows from [AMS2, Corollary 3.23] and Theorems and
We note that at this point we still have to consider Ng, (M )/M-conjugacy classes
of parameters (¢',C, F).
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With Theorem [2.5|a we extend this to the whole of Irrx(H(G, M, ¢€,Z)). By
Lemma [2.8] the parametrization does not depend on the choice of a unitary element
t in a Wyg-orbit in T', and the representation depends only on the Ng(M)/M-
orbit of (¢,C,F). O

To simplify the parameters, we would like to get rid of the restriction ¢ € T — we
would rather allow any semisimple element of G°. It is also convenient to replace C
by a single unipotent element (contained in expC) in G°, and F by the associated
representation of the correct component group.

As new parameters we take triples (s, u, p) such that:

e s € (G° is semisimple;

o u € Zg(s)° is unipotent;

e pE II‘I‘(?T()(Z(;(S,U))) with qW¥ 7, (s)(u, p) = (M, CM 4€) up to G-conjugacy.
Assume that s € T and choose an algebraic homomorphism -, : SL2(C) — Zg(s)°
with

(49) 7u((1)%):u and d7u((1)91)€t'
Using the decomposition of g, we write
(50) ’Y_&(g;l) = exp (d’y}}(logg_lggz)> eT.

For Z € Rio we define the standard H (G, M, ¢€, Z)-module

indH(G7M>q59Z)

H( G (s]s] 1), Mg, 7) (EXPsls| 1)« IMT

ES,U,P,E =

log u,d7, (1°§ * g 5) ~log [s] log Z,p.

and its irreducible quotient

| — 3 H(G’M)quz)
Masuip =y 70 0).01.2) Polol ) logZ 0

« IM* M
( 0 —logz

log u,d7s ) ~logs|log Z,p’

Even when s ¢ T, the condition on p and [AMS2, Propositions 3.5.a and 3.7] guar-
antee the existence of a go € G° such that gosg, L' T. In this case we put

(51) Egypz:=FE

—1 -1 =~
gosgp ,9ougy ,90°Ps%

and M57U7Pag = gosgal»gOUg(;lng'P:Z'

We extend the polar decomposition to this setting by

s := 95" 190590 | 90-
With the Jordan decomposition in G° it is possible to combine s and u in a single
element ¢ = su € G°. Then s equals the semisimple part gg, u becomes the
unipotent part gy and p € Irr(mo(Za(g)))-

Now we come to our main result about affine Hecke algebras. In the case that
G is connected, it is almost the same parametrization as in [Lusdl, §5.20] and [Lusb),
Theorems 10.4]. The only difference is that we twist by the Iwahori-Matsumoto
involution. This is necessary to improve the unsatisfactory notions of (-tempered
and (-square integrable in [Lus5, Theorem 10.5].

Theorem 2.11. Let z € RY,.
(a) The maps
(9,p) = (s=gs,u=gu,p) = Myu,z
provide canonical bijections between the following sets:
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e G-conjugacy classes of pairs (g,p) with g € G° and p € Irr(wo(Zg(g)))
such that qV 7,44 (9u, p) = (M, CM q€) up to G-conjugacy;
e G-congugacy classes of triples (s,u, p) as above;
o Irrx(H(G, M, q¢€,7)).
(b) Suppose that s € T. The representations E&u’p’g and Ms,um,g admit the (’)(T)qu -
character Wyg sy (5591 ), for a vy, as in .
(c) Suppose that 7 € RL,. The following are equivalent:
e s is contained in a compact subgroup of G°;
o |s|=1;
° MSMP’Z s tempered,
o By p is tempered.
(d) When Z € Ril, M&u’p’g 18 essentially discrete series if and only if u is distin-
guished in G°. In this case |s| € Z(G°) and Egy 5z = Mgy p 2.
There are no essentially discrete series representations on which at least one
z; acts as 1.

Proof. (a) The uniqueness in the Jordan decomposition entails that the first map is
a canonical bijection.

We already noted in that, for every eligible triple (s, u, p), s lies in Ad(G°)T.
Therefore we may restrict to triples with s € T'. Consider the map

(5,1, p) = (5,CSS) F),
where F is determined by Fiogy = p. As in the proof of [AMS2, Corollary 3.23],
this gives a canonical bijection between G-conjugacy classes of triples (s, u, p) and
the parameters used in Lemma Furthermore just reflects , so Lemma
yields the desired canonical bijection with Irrz(H(G, M, ¢€,Z)).
(b) By [AMS2, (86)] the H(Z¢(s|s|™!), M, ¢€, F)-representation

(52) IM* E logZ O

logu,dq@( 0 710g5) —log |s|,log Z,p

admits the central character (W 45-1(log |s| — ds, <1O§g 7lgg3>), log 7).

0

The element v, (% §) € Za(s|s|™!)° normalizes T', so

wi=r, (9% §)M° liesin Zg(s|s|™1)° N Ne(M®)/M° = (W)s1s-1 C Woe sis-1-

We can rewrite the above central character as
(Wae s 1w0(log 5| — 7 (%57 0,2 ) log 2) =
(Wagsio-17i (4 3) Qog |s| = a7i (67 0,2 ) (8 71) Jog 2) =
(Woe ajsi- (0| + 7 (%67 _ %, 2)), log 2).

By Theorems c and c the central character of Es7u7p75 becomes
(qus% (5291 ) ,Z). The same holds for the quotient Ms’wmg.
(c) Suppose that s € T. By [AMS2, (84)] the representation and its quotient

(53) IM* M

L (logZ O o
logu,dvu( 5 _logg)flog\S\,logz,p
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are tempered if and only if log |s| € itg. By definition log |s| € tg, so this condition
is equivalent to log|s| = 0. This is turn is equivalent to |s| = 1 and to s € Tyy.
By Theorem [2.9]d and Proposition 2.7]b this is also equivalent to temperedness of
Es,u,p,Z or Ms,u,p,2~

The proof of part (a) shows that also for general s, temperedness is equivalent to
|s| = 1. This happens if and only if s lies in the unitary part of a torus conjugate to
T, which in turn is equivalent to s lying in a compact subgroup of G°.

(d) As in part (c), it suffices to consider the case s € T.

Suppose that M, s,u,p,7 18 essentially discrete series. By Proposition c and The-
orem d the representation has the same property. Moreover we saw in
the proof of Proposition c that Z/G\/Ser(s|s]*1)° is semisimple, so Zgger(s]s\*l)o
semisimple as well.

By assumption log 2 € RY ). Now [AMS2, (85)] says that logu is distinguished in
Lie(Z¢(s|s|™')°). In view of the aforementioned semisimplicity, this is the same as
distinguished in g. So u is distinguished in G°.

Conversely, suppose that u is distinguished in G°, or equivalently that logwu is
distinguished in g. As w commutes with s, it also commutes with |s| and with
s|s|~'. This implies that R(Zq(s|s|~")°,T) and R(Zg(s|s|~")°,T) have full rank
in R(G°,T). By [AMS2, (85)], Theorem d and Proposition c My pz is
essentially discrete series.

Suppose that either of the above two conditions holds. Then |s| € Tis commutes
with the distinguished unipotent element v € G°. This implies that the semisimple
subalgebra Clog |s| C g is contained in Z(g). Hence |s| € Z(G°). Moreover [AMS2,
Theorem 3.26.b] and Lemma imply that E&u’pj = ]\_437%;,75.

Finally, suppose that H(G, M, q€,Z) has an essentially discrete series represen-
tation on which z; acts as 1. It has finite dimension, so it has an irreducible sub-
quotient, say M&u,p,g. Then IM* Mgy, — 1og|s|,log 7,0 1S an essentially discrete series
representation of H(G -1, M, ¢€), which is annihilated by r;. By and
it contains a H(Gj, M;, Ej)-representation with the same properties. But [AMS2,
Theorem 3.26.c| says that this is impossible. (]

Let us discuss the relation between the parametrization from Theorem [2.11]a and
parabolic induction. Suppose that () C G is an algebraic subgroup such that QN G°
is a Levi subgroup of G° and M C Q. Let (s, u, p) be as above, with s,u € Q°. Also
take p@ € Irr(mo(Zg(s,u))) with qV 74 (s) (U, p®) = (M,CM q&) up to Q-conjugation.

Corollary 2.12. (a) There is a natural isomorphism of H(G, M, €, Z)-modules

(G, M, 6, 2) H(Q J%?qs Z) ESU,/JQ,E = @p Homﬂo(ZQ(S,U))(pQ’ p) ® E&u,p,z*v
where the sum runs over all p € Il"l"(ﬂ'o(ZG(f,u))) with qV z,,(s)(u, p) =
(M,CM ¢&) up to G-conjugation. For Z =1 this isomorphism contains

%G’M’ g’z ® MQ = HOmﬂ- s,u Q7 ®Msu z-
( I )”H(Q,M,qs,z) s,u,p9,2 EBp 0(Zq (s, n(P*,p) P,

(b) The multiplicity of M., , > in H(G, M, qE,Z7) ® E¢ 0 - 18
e HQMaqE7) "7

[p? : p}ﬂO(ZQ(SM)). It already appears that many times as a quotient, via
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EY L MY .. More precisely, there is a natural isomorphism
S7u1pQ)z Sauaanz

Homyy (g 11,46 2) (Mgqu; Mg ,p.z) 2 Homo (7 (s, (0% 0)

Proof. Recall that the analogous statement for twisted graded Hecke algebras is
Proposition[1.5] To that we can apply the Iwahori-Matsumoto involution, supported
by [AMS2] (83)]. Next, part (b) of Theorem allows us to apply part (a) while
retaining the desired properties. The same goes for Theorem Then we have
transferred Proposition to the representations E‘S,W)’g and M, 8,u,0,7" Il

Notice that the parameters in Theorem a do not depend on 2. This enables
us to relate Irrz(H (G, M, ¢€)) to an extended quotient, as in [ABPS5H, §2.3] and
[AMS2, (87)].

Theorem 2.13. Let 7 € ]R‘io. There exists a canonical bijection

pe e (T Wae)ge = Tirz(H(G, M, ¢€, 7))

such that:
° MG,M,qE(Tun//WqE)hqg = Irrg,temp(H(G, M, qE)) when Z € Rél;
e the central character of pg e (t, m) is (qut'y (é 591) ,Z) for some alge-

braic homomorphism 7 : SLa(C) — Zg(t)°.

Remark. Together with [Sol3, Theorem 5.4.2] this proves a substantial part of the
ABPS conjectures [ABPSI] §15] for the twisted affine Hecke algebra H(G, M, ¢€).
For 7 € (0, 1)%, pg.arqe (Tun//Wye )y, is the anti-tempered part of rr(H (G, M, ¢€)).

Proof. From Proposition we see that
H(G, M, ¢€,7) /(21— 1,...,2q — 1) = O(T) 3 C[Wee, lige].
By [ABPS5, Lemma 2.3] there exists a canonical bijection

(T//Wae)te — Irr(O(OT( ;)N gv[Vun& ?qel)
. X 4&lg .
(t,m) = Coxm=indor i g (Ct ® Va)

We consider C; X7 as an irreducible H (G, M, g€)-representation with central charac-
ter (Wyet, 1). By Theorem there exist u and p, unique up to Zg(t)-conjugation,
such that C; x m; = M, 4, 1. Now we define

G Mg (b, me) = My p 2.

This is canonical because Theorem [2.11]a is. The properties involving temperedness
and the central character follow from parts (c) and (b) of Theorem O

2.3. Comparison with the Kazhdan—Lusztig parametrization.

Irreducible representations of affine Hecke algebras were also classified in [KaLul,
Ree], in terms of equivariant K-theory. This concerns the cases with only one com-
plex parameter ¢ = z2, which is not a root of unity. In terms of Proposition this
means that A = A\* = 1. In view of and [Lus2, Proposition 2.8], this happens
if and only if T = M° is a maximal torus of G° and v = 1. For the upcoming
comparison we assume that M = Zg(T) equals T. Then mo(Zp(v)) = 1, ¢€ is the
trivial representation and

Ree = Ng(T,B)/T = G/G°,
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where B is a Borel subgroup of G° containing 7' (called P before). The Kazhdan—
Lusztig parametrization was extended to algebras of the form
H(G,T,q€ = triv) = H(R(G°,T), A\ =1,\" =1,2) X Rye

in [ABPS4, §9]. The parameters are triples (t4,u, p), where

e t, € T is semisimple;

e u € (G° is unipotent and tqutq_l = u?;
Btc‘};u is the variety of Borel subgroups of G° containing t, and u;
p € Irr(m0(Z(tg,w))) such that every irreducible component of Plro(Zao (tgu))

appears in H*(Bg(;u, C).
Two triples of this kind are considered equivalent if they are G-conjugate. The
representation M (4, u, p) attached to these data is the unique irreducible quotient
of the standard module

= tq,u
(54) Bty u,p = HoMuy (76 (t,u)) (ps He(Bgs", C)).

The classification of H(G°,T,E = triv) with ¢ = z = 1 goes back to Kato [Kat],
Theorem 4.1}, see also [ABPS4] §8]. With [ABPS4, Remark 9.2] and the subsequent
argument (which underlies the above for ¢ # 1) it can be extended to H(G, T, ¢€ =
triv). The parameters are the same as above (only with ¢ = 1), and the irreducible
module is

(55) M (t1,u, p) = Homy (2 (11 ) (05 Haw) (Bee", C)),

where d(u) refers to the dimension of ngu as a real variety. Clearly M (t1,u, p) is

again a quotient of Etl,u,m but for g =1 has other irreducible quotients as well,
in lower homological degree.

Lemma 2.14. The above set of parameters (tq,u,p) is naturally in bijection with
the sets of parameters used in Theorem [2.11].a.

Proof. By [ABPS4, Lemma 7.1], we obtain the same G-conjugacy classes of param-
eters if we replace the above t; by a semisimple element s € Zgo(u). In Theorem
m we also have parameters (s, u, p), but with a different condition on p, namely
that

q¥ z,(s)(u, p) = (T, v = 1, ge = triv).
By definition this is equivalent to
(56) Va(s)o (U, ps) = (T, v =1, € = triv),
for any irreducible constituent ps of p|7r0( Zge,(0y0 (W) Write r = logz € R and y =
log(u) € Lie(Zg(s)). According to [AMS2, Proposition 3.7] for the group Zg(s)®,
is equivalent to ps appearing in

oor=Cor ®  HMY'(P, C)=H.(P,C).

)

729 ({9}

To make this more explicit, we assume (as we may) that s € T. Then Zp(s) =
Z(s)° N B is a Borel subgroup of Zg(s)° and

(57) Py ={9Zp(s) € Zc(s)*/Zp(s) : Ad(g™")y € Lie(Zp(s))} =
{9Z5(s) € Za(s)*/Zp(s) s u € gZp(s)g™"} = By, (50
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Hence is equivalent to ps appearing in H*(B%G(S)O,C). Let p° be a mo(Zge(s,u))-
constituent of p containing ps. By [ABPS4l, Proposition 6.2] there are isomorphisms
of Zgo (s, u)-varieties

(58) BE" = BEY 2 BY o % Zao(5,1) ]/ Z 7435y (w).

With this and Frobenius reciprocity we see that the condition on p; is also equivalent
S, U

to p° appearing in H, (B, ,C). We conclude that the parameters (s, u, p) in Theorem
2.11| are equivalent to those in [ABPS4] §9], the only change being s <> t,. U

Proposition 2.15. The parametrization of Irr,(H(G,T,q€ = triv)) obtained in
Theorem [2.11).a agrees with the above parametrization by the representations
M (tg, u, p), when we set ¢ = 2% € Rsq and take Lemma into account. Moreover
the standard modules Es,, . and Ey, ., are isomorphic.

In other words, our classification of irreducible representations of affine Hecke
algebras agrees with that of Kazhdan—Lusztig and the extended versions thereof.

Remark. Our parametrization differs from the one used by Lusztig in [Lus4!
§5.20] and [Lusb, Theorem 10.4], namely by the Iwahori-Matsumoto involution.
Thus Proposition shows that the classification of unipotent representations
of adjoint groups in [Lus4, [Lush| does not agree with the earlier classification of
Iwahori—spherical representations in [KalLul.

Proof. Let (s,u, p) be a triple as above, and choose an algebra homomorphism

Yu : SL2(C) = Z(s)° with v, (§1) = u. Then we can take t; = s, (g Z91 ), where
2% = q. Recall that M (tq,u, p) is a quotient of Ey_,,, from (54)). Write p = p° x 7%,
where

7" € Irr(Rgeusp0) With  Rgeuspe = m0(Za(s,w))pe /m0(Zao (s, u)).
From [ABPS4, (70)] we see that Ey_ ., equals
(59) Homﬂ'o(Zco (s,u)) (po’ H, (nga (C)) XT.

To the part without x7 we can apply [EvMi], which compares the two parametriza-
tions. In [EvMi] both the Iwahori-Matsumoto involution and a related ”shift” are
mentioned. This involution is necessary to get temperedness for the same param-
eters in both classifications. Unfortunately, it is not entirely clear what Evens
and Mirkovich mean by a ”shift”, for signs can be inserted at various places. In
any case their argument is based on temperedness and a comparison of weights
[EvMil, Theorem 5.5], and it will work once we arrange the modules such that
these two aspects match. With this in mind, [EvMi, Theorem 6.10] says that
the H(Zgo(s[s|™!), T, triv)-module obtained from Homu(z..(s.u)) (0% Hx(Bgs, C))
via Theorems [2.5| and [2.9| is IM*E r 0 . The extension with the
. y,dvu(o _r)flogISL P°
group MRye is handled in the same way for all algebras under consideration here,
namely with Clifford theory. It follows that applying Theorems and to
yields

(60) (IM*E

X T.
Z/:d"/u (6 _an)_IOg |S|77"7p0)

Moreover IM is the identity on C[9¢], so the large brackets are actually superfluous.
The action of Ryg 45,0 underlying x7 in comes from the action of my(Zg(s,u))
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on H*(B%G(s‘s|,1)o,(C). By for the group Zg(s|s|™1)°,
BZatsisi-1e = Pu

Via this equality the mo(Zg(s, u))-action on H,(B%

o (s]s|-1)" C) agrees with the ac-

tion on
H*(Py,C) = C\s\,’r ® H*{V[(y) (Py,(C)
H' ({y))
from [AMS2, Theorem 3.2.d]. Hence
(M Ey7dvu (6 o ) —log|s|,r,p°

=M~ (Ey,(m(S 0.)—10g|sl,r.po T

) x 7 =1IM* (E%d%(g 0)-toglrpe X T)

=IM*E )
) y,d’Yu(E _Or)flog\s\,r,p
We see that the standard modules th,u,p and Es,u,p,z give the same module upon
applying Theorems [2.5] and Hence they are isomorphic.

From here on we have to assume that ¢ = z? is not a root of unity. We recognize
the unique irreducible quotient of the right hand side as , a part of the definition
of Ms . Using Theorems and again, but now in the opposite direction,
we see that both M, ,. and M(t4, u,p) are the unique irreducible quotient of

PG M.E)

H(Z~G(S|8|*1),M,q5)(eXps‘srl)*IM*E logz O

log u,du ( 0 —logz ) —log |s|,log z,p"

Thus the two parametrizations agree when g = 22 # 1.
For ¢ = z = 1 a different argument is needed. We note that still applies,
which enables us to write

M(ty = s,u, p) = Homyy (70 (s,u)) (07 Hauy(Bge, C)) » 7.

From the definition of the X*(T)-action in [Kaf, §3] we see that H,(Bgs,C) is
completely reducible as a X*(7T)-module. With [ABPS4, Theorem 8.2] we deduce
that the weight space for s € T is, as (Wy¢)s-representation, equal to

Homﬂo(Zg(s,u)) (pa Hd(u) (B%G(S)O ) (C)) = HomWO(ZZG(S)o (u)) (po’ Hd(u) (B%G(3)°7 (C)) AT,

From [AMS2, (39)] we can also determine the X*(T')-weight space for s in M;, 1.

First we look at the S(t*)-weight — log |s| in Mg, 15,0,0°7 that gives My?_ og |5],0,p°°
As in [AMS2, Section 3.2], we denote the underlying W (Zx(s)°, T')-representation
by My 0. Next we replace Zg(s)® by Zg(s) and p° by p = p° x 7, obtaining the
(Wye ) s-representation

o

(61) Y —log|sl.0.p° X T = My o % T.
Applying the Iwahori-Matsumoto involution and Theorem 2.9 we get
(62) (expyjg—1 ) IMF (M2 g0 X T),

The previous S(t*)-weight space for —log|s| has now been transformed into the
X*(T)-weight space for s in the representation Ms’u,p,l with respect to the group
Z¢(s). To land inside Mj,, 51 with respect to G, we must still apply Theorem
But that does not change the X*(7")-weight space for s, so we can stick to (62)).
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For r = 0,2 = 1 the map (expy||-1)« becomes the identity on C[Wg], see [Sol3|
(2.5) and (1.25)]. It remains to compare the C[W¢]-modules

(63) IM*(My7p° X ’T) and HomWO(ZZG(s)O(u)) (pO7Hd(u) (B%G(S)O,C)) X T.

By definition [AMS2] Section 3.2] M, ,c is the W (Zg(s)°, T')-representation associ-
ated to (y,p°) by the generalized Springer correspondence from [Lusl]. It differs
from the classical Springer correspondence by the sign representation, so

My’po = sign &® HomTrO(ZZG(s)O (u)) (,007 Hd(u) (B%G(S)O’ C)) .

On both sides of the actions underlying x7 come from the action of Zg(s,u)
on H*(B%G(S)O,C) ~ H,(Py,C). Moreover IM(w) = sign(w)w for w € W(Zg(s)°,T)
and IM is the identity on the group R for Zg(s). We conclude that the two repre-
sentations in are equal. B

This proves that M (t; = s,u, p) and M; , 1 have the same X (T")-weight space for

s. Since both representations are irreducible, that implies that they are isomorphic.
O

3. LANGLANDS PARAMETERS

Let F be a local non-archimedean field and let G(F') be a connected reductive
group over F'. In this section we construct a bijection between enhanced Langlands
parameters for G(F') and a certain collection of irreducible representations of twisted
Hecke algebras.

To this end we have to collect several notions about L-parameters, for which we
follow [AMSI1]. For the background we refer to that paper, here we do little more
than recalling the necessary notations.

Let Wy be the Weil group of F, Ir the inertia subgroup and Frobrp € W an
arithmetic Frobenius element. Let GV be the complex dual group of G. It is endowed
with an action of W g, which preserves a pinning of GV. The Langlands dual group
is G =GV x Wp.

Definition 3.1. A Langlands parameter for “G is a continuous group homomor-
phism
¢ : WF X SLQ(C) — QV A WF

such that:

e p(w) € GVw for all w € Wg;

o »(Wp) consists of semisimple elements;

® ¢|sr, () is algebraic.
We call a L-parameter:

e bounded, if ¢(Frobr) = (¢, Frobg) with ¢ in a compact subgroup of G;
e discrete, if Zgv(¢)° = Z(GY)Wre,

With [Borl §3] it is easily seen that this definition of discreteness is equivalent to
the usual involving with proper Levi subgroups.
Let Gy, be the simply connected cover of the derived group Gy, . Let ngd (¢) be

the image of Zgv(¢) in the adjoint group GY;. We define

ZésvC (¢) = inverse image of Zg:d (¢) under GY. — G".
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Definition 3.2. To ¢ we associate the finite group Sy := WQ(Zév (¢)). An enhance-
ment of ¢ is an irreducible representation of Sy.
The group GV acts on the collection of enhanced L-parameters for “G by

g-(,p) = (909 ", g-p) where g-p(a) = p(g~'ag) for a € S.
Let <1>6(Lg) be the collection of GV-orbits of enhanced L-parameters.

Let us consider G(F) as an inner twist of a quasi-split group. Via the Kottwitz
isomorphism it is parametrized by a character of Z (Qgé)WF , say (g. We say that
(¢, p) € ®c(XG) is relevant for G(F) if Z(GY)WF acts on p as (g. The subset of
®.(“G) which is relevant for G(F) is denoted ®.(G(F)).

As is well-known, (¢, p) € ®.(*G) is already determined by ¢|w ., uy == ¢(1,(§1))
and p. Sometimes we will also consider GY-conjugacy classes of such triples
(¢|Wpug, p) as enhanced L-parameters. An enhanced L-parameter (¢|w,,v,ge)
will often be abbreviated to (¢,, ge). We will study enhanced Langlands parameters
via their cuspidal support, as introduced in [AMSI].

Definition 3.3. For (¢, p) € ®c(*G) we write Gy = Z}, (¢lw), a complex reduc-
tive group. We say that (¢, p) is cuspidal if ¢ is discrete and (ug = ¢(1,(§1)),p)
is a cuspidal pair for Gy in the sense of [AMSI] §3]. (This means that p = Fuys
for a Gg-equivariant cuspidal local system F on Cf f.) We denote the collection

of cuspidal L-parameters for G by CDCHSP(LQ), and the subset which is relevant for
G(F) by Peusp(G(F)).

Proposition 3.4. [AMSI], Proposition 7.3]
Let (¢, p) € ®c(G(F)) and write q¥g, (ug, p) = [M,v,qe|g,. Upon replacing (¢, p)
by GV -conjugate, there exists a Levi subgroup L(F) C G(F) such that (¢|wp, v, g€) is
a cuspidal L-parameter for L(F'). Moreover L(F') is unique up to G(F')-conjugation
and

LY X Wpg = Zgvwwp(Z(M)°).

Suppose that (¢, p) is as in Proposition We define its modified cuspidal

support as

L\Il(qsv p) = (‘Cv A WF7 ¢|WF7’U7 QE)
The right hand side consists of a Langlands dual group and a cuspidal enhanced
L-parameter for that. Every enhanced L-parameter for G is conjugate to one as
above, so the map "V is well-defined on the whole of ®.(*G). Notice that “W
preserves boundedness of enhanced L-parameters.

We also need Bernstein components of enhanced L-parameters. Recall from [Hail,
§3.3.1] that the group of unramified characters of L(F') is naturally isomorphic to
Z(LY % Ir)w,- We consider this as an object on the Galois side of the local Lang-
lands correspondence and we write

Xuw(PL) = Z(LY xIp)Ry,-
Given (¢/,p') € ®(L(F)) and z € X (L), we define (2¢/, p') € ®.(L(F)) by
z¢' = ¢’ on Ir x SLy(C) and (2¢)(Frobg) = Z¢/(Frobp),

where Z € Z(LY x Ip)° represents 2.
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Definition 3.5. An inertial equivalence class for ®.(G(F)) is the GV-conjugacy
class ¥ of a pair (LY x Wp,s}), where L(F) is a Levi subgroup of G(F') and s} is
a Xnr(EL)-orbit in ®cusp(L(F)).

The Bernstein component of ®.(G(F)) associated to sV is
(64) D (G(F))* ="T (LY x Wp,s}).

We denote set of inertial equivalence classes for ®.(G(F')) by B (G(F)).

\4

In this way, we obtain a partition of the set ®.(G(F')) analogous to the partition
of Irr(G(F')) induced by its Bernstein decomposition:

(65) P(G(F) = || ®(G(F)),

sVeBY(G(F))

We note that ®,(£(F))*% is diffeomorphic to a quotient of the complex torus Xy, (¥£)
by a finite subgroup, albeit not in a canonical way.
With an inertial equivalence class 5V for ®.(G(F)) we associate the finite group

(66) W,v := stabilizer of 5} in Ngv(LY x Wg)/L".

Let Wyv 4, 4¢ be the isotropy group of (¢y,qe) € s).. With the generalized Springer
correspondence [AMSI], Theorem 5.5] we can attach to any element of “W=1(L£Y x
WF, ¢y, qe) an irreducible projective representation of Wyv 4 .. More precisely,
consider the cuspidal quasi-support

gt =[Gy N LY, v,qda,,

where LY C G, is the preimage of £V under HY, — H". In this setting we write the
group Wye from as Wy. By [AMSI, Lemma 8.2] Wy, is canonically isomorphic
to Wev 4,.4e- According to [AMSI] Proposition 9.1] there exist a 2-cocycle kg of Wy
and a bijection (canonical up to the choice of kg4 in its cohomology class)

Iy BUTHLY ) W, ¢y, q€) — Trr(C[Wy, figi]).
It is given by applying the generalized Springer correspondence for (G, gt) to (ug, p).

Theorem 3.6. [AMSI1, Theorem 9.3]
There exists a bijection

D(G(F)) +—  (De(L(F))L)/Wev),,
(¢,p) = (FU(¢,p),Eau(9,p)).

It is almost canonical, in the sense that it depends only the choices of 2-cocycles ky
as above.

3.1. Graded Hecke algebras.

In Theorem we saw that the irreducible representations of a (twisted) affine
Hecke algebra can be parametrized with a (twisted) extended quotient of a torus by
a finite group. Motivated by the analogy with Theorem we want to associate
to any Bernstein component ®.(G(F))*" a twisted affine Hecke algebra, whose irre-
ducible representations are naturally parametrized by ®.(G(F))*" . As this turns out
to be complicated, we first try to do the same with twisted graded Hecke algebras.
From a Bernstein component we will construct a family of algebras, such that a
suitable subset of their irreducible representations is canonically in bijection with

\%
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o.(G (F))f’v Of course this will be based on the cuspidal quasi-support [M, v, ge]g,
for the group

(67) Gy = Zgy (Plw)-

One problem is that Z(GY)° was left out of G, so we can never see it when

working in G. We resolve this in a crude way, replacing G by Gy x X (FG).
Although that is not a subgroup of GV or GY,, the next result implies that the real
split part of its centre is as desired.

Lemma 3.7. We use the notations from Proposition |3.4. The natural map
Z(M)° x X (FG) = Xnn(EL)

is a finite covering of complex tori.

Proof. In Proposition we saw that

(68) LY X Wpg = Zgvwwp(Z(M)°).

\

o — GV is contained in LY. It also

Hence the image of M° under the covering G
shows that W fixes Z(M)° pointwise, so

Z(M)* = (Z(M)'" )y,

As £V is a Levi subgroup of GV, it contains Z(G")°. Hence there exists a natural
map

(69)  Z(M)° x Xux(G) = (Z(M)'F x Z(GV)'" )y, = (Z(LY)'F)y,, = Xur("L).

The intersection of Z(G")° and Gy, is finite and Z(M)° lands in Gy, N LY, so the

kernel of is finite.
Recall from Proposition [3.4] that (W) C LY x W . Hence

Z(LY xWp) C Zgv(¢(Wp)) and Z(L! x Wp)° C Zgy (¢(Wp))°.
Since M° is a Levi subgroup of Zg, (¢(Wp))° and by (68), we have Z(M)° =
Z(L! x Wg)°. In particular
dim Z(M)° = dim Z(LY x Wg)° = dim Z(LY » Ir)3y, =
dim Z(£Y x Ip)jy, —dim Z(G" % Ip)iw,.,

showing that both sides of have the same dimension. As the map is an algebraic
homomorphism between complex tori and has finite kernel, it is surjective. O

Recall tlvlat s/ came from the cuspidal quasi-support (M, v, ge). For (¢p|w ., v, ge) €
O (L(F))°c we can consider the group

Zéyc(¢b|WF) X an(Lg) = G¢b X an(Lg)7

which contains M x X, (¥G) as a quasi-Levi subgroup. We choose an almost direct
factorization for Gy x X (FG) as in (6) and we put

H(¢p, v, ge, T) := H(Gy, x Xnr(¥G), M x X1 (%G), ¢, F)

(70) . .
= H(Lle(an"(L‘C))7 WSV,(gf)b)U,qea cr, hq5)7
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where ¢€ is the M-equivariant cuspidal local system on Cbﬂ/{g » With ¢€oey = qe as
representations of my(Zas(v)) = mo(Zp(logv)). From Lemma [3.7| we see that

H(¢y, v, g€, T) = H(Zgy (¢plw ), M, g€, F) @ S (Lie(Xn:(“G))")
= H(Gy,, M,q&,7) @ S(Lie(Z(G" x Ir)y,)")-

Let Xur (ML) = X (¥ L)un X X (P L)1 be the polar decomposition of the complex
torus X (“L). Let (¢p, v, ge) € B (L(F))*L with ¢, bounded. Suppose that (¢, p) €
D (G(F))E with:

Dlip = Obl1p;
(71) o ¢(Frobp)dy(Frobp) ™' € Xur(PLY )
o ddls,c) (5 ) € Lie(Z(M)°).

For such (¢, p) and 7 € C? we define

E(¢,p,7) =IM"E , € Irr(H( ¢y, v, ge)),

M(¢, p,7) =IM"M ) € Irr(H(¢p, v, ge)).

0

log (1) log(¢(Frob )~ ¢y (Frobp))+dd (1 0. ) 7,
Theorem 3.8. Fiz 7€ C% and (¢, v, qe) € B (L(F))E with ¢y, bounded.
(a) The map (¢, p) — M(p,p,T) defines a canonical bijection between

L L‘I]_l(ﬁv X Wg, an(LL)rs¢b|WF7 v, qe);

e the irreducible representations of H(¢y,v,qe, ¥) with central character in

Lie( X (PL)ws)/Wev gy 0,qe X {7}

(b) Assume that R(7) € RL,. The following are equivalent:

® ¢ is bounded;

o LU(p,p) = (LY X Wk, dp|w ., v, g€);

o E(¢,p,7) is tempered;

o M(o,p,T) is tempered.
(¢) Suppose that R(7) € RL,. Then ¢ is discrete if and only if Zgy (¢(Wg))° is

semisimple and M (¢, p,T) is essentially discrete series. In this case M (¢, p,T) =

E(¢,p,7).

Proof. (a) By Theoremevery element of LU=H(LY x W g, Xy (Y L) wstp|w 1, v, g€)
has a representative (¢, p) with ¢|w, in Xu(YL)sdplw,. Then ¢|1,. is fixed, so
dlwy can be described by the single element ¢(Frobg)gy(Frobr)™! € Xy (XL )ys.
Since Xy (“LY)s is the real split part of a complex torus, there is a unique logarithm

(72) o0 = log (¢(Frobp)¢p(Frobr) ') € Lie(Xn(FLY)rs).
Clearly (¢p,v) is the unique bounded L-parameter in Xy, (¥£)ws(¢%, v). This implies
Gy = Zgy (dlw) C Zgy (dolwy) = G,
In particular ¢(SL2(C)) C Gg, and
m0(Za, (up)) = m0(Zay, (0,us))-

By assumption ¢¥¢, (ug, p) = (v,qe), and by [AMS2, Proposition 3.7] this cuspidal
quasi-support is relevant for

H(¢p, v, ge,T) = H(Gg, x Xur(¥G), M x X0 (¥G), ¢€, F).
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According to [AMS2, Proposition 3.5.c], (¢,p) is conjugate to an enhanced L-
parameter with all the above properties, which in addition satisfies

dolsyc) (6 %) € Lie(Z(M)°).
Consequently (log(ug), 00,7, p) is a parameter of the kind considered in Section
and ¢[gr,,(c) can play the role of ¥ from .

Conversely, by reversing the above procedure every parameter (y,o’,7,p’) for
H(¢p, v, ge, T) gives rise to an element of LU (LY x Wr, Xpp (L L)Wy, v, ge).
The equivalence relations on these two sets of parameters agree, for both come from
conjugation by Gy, .

Now Theorem says that LU~ (LY x W, Xy (PL)1sbp| W, v, g€) parametrizes
the part of Irr, (H(¢p, v, ge)) with central character in Lie(Xn:(YL)rs)/Wev gy 0.ge X
{7}. Asin [AMS2, Theorem 3.29] and Proposition 1.6, we compose this parametriza-
tion with the Iwahori-Matsumoto involution from . Then the representation
associated to (¢, p) becomes (¢, p, 7).

(b) By [AMS2| Theorem 3.25] and [AMS2, (84)] the third and the fourth statements
are both equivalent to

d(Frobp)dy(Frobp) ™! € Lie( Xy (PL)un)-

But by construction this is an element of Lie(Xp: (L)), so the statement be-
comes ¢(Frobp) = ¢p(Frobg). As (¢p,v) is the only bounded L-parameter in
Xor (L) ws(¢p, v), this holds if and only if ¢ is bounded. Since the map ¥ pre-
serves ¢|w,, the statement ¢(Frobr) = ¢p(Frobp) is also equivalent to

qu(¢7 P) = (ﬁv X WFa ¢b’WF7 v, qﬁ)
(c) Suppose that ¢ is discrete. Then

G5 = Zgy (6(Wp))° = Zgy (6(Wr),0)°

is a reductive group in which ¢(SL2(C)) has finite centralizer. This implies that G
is semisimple and that ug is distinguished in it. The first of these two properties
implies that G° is a full rank subgroup of Gg,, and that G(‘; is also semisimple.
Then uy is dlstlngulshed in G, as well, and [AMS2| (85)] says that M(®,p,7) is
essentially discrete series.

Conversely, suppose that M (¢, p,7) is essentially discrete series and that G; is
semisimple. In the same way we deduce that G;b is also semisimple, and that G;
has full rank in G3,. By [AMS2] (85)] uy € Gy is distinguished in Gy, , so it is also
distinguished in G§. Hence Zg,(ug)° is unipotent. It is known (see for example

[Reel §4.3]) that Zgy (¢)° = Zg, (¢(SL2(C)))° is the maximal reductive quotient of
Zg,(ug)®. Hence Zgy (¢)° is trivial, which means that ¢ is discrete.
The final claim follows from Proposition [1.6]c. O

We conclude this paragraph with some remarks about parabolic induction. Sup-
pose that Q(F) C G(F) is a Levi subgroup such that ¢ has image in LO. Let QY be
the inverse image of H" in Gy, by [Bor, §3] it equals Zgyv (Z(QY x Wr)®). Therefore
(73)

Zoy (dolw) = Zgy (dolwp) N Zgy (Z(Qd % Wk)°) = Gy, N Zgy (Z(Q) x Wk)°),

which shows that

sC?

% N 2oy (dslwy) = Zoy (65(Wr))°
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is a Levi subgroup of Gg . Moreover ZIQCV (¢p|w ) contains M, for the cuspidal

quasi-support of (¢, p) with respect to LG is the same as the cuspidal quasi-support
of (¢, p?) with respect to ©'Q, for a suitable p@ [AMSI], Propostion 5.6.a].

That is, Gy, X Xne(FG) and ZlQv (w5 ) X Xnr(FG) fulfill the conditions of [AMS2]
Proposition 3.22] and Corollary . It follows that the families of representations

, € Mod(H(¢p, v, g, T)),

, € Trr(Hl(¢p, v, g€, T))

(6,0,7) = Elog(%)Jog(aﬁ(F‘robF)—l¢b(ﬂobp))+d$(g 07

(¢’ P F) = Mlog(u¢),log(¢>(Frobp)—1¢b(Fr0bF))+d$(g Pﬂ> e

are compatible with parabolic induction in the same sense as [AMS2 Proposition
3.22] and Corollary[2.12] In view of [AMS2, (83)] this does not change upon applying
the Iwahori-Matsumoto involution, so it also goes for the representations E(¢, p, )
and M (¢, p,7) considered in Theorem

3.2. Affine Hecke algebras.
Let us fix an inertial equivalence class sV for ®.(G"), and use the notations from
Proposition For any (¢|w,v,qe) € s} we define

with G4 as in . The groups J and G4 are possibly disconnected reductive groups
with J D G¢.

Proposition 3.9. Define R(J°,T') as the set of « € X*(T) \ {0} which appear in
the adjoint action of T on Lie (J°).

(a) R(J°,T) is a root system.

(b) There exists a (¢1|wp,v, qe) such that R(Gg ,T) = R(J°,T).

Remark. This result does not imply that G = J°, as one can easily see in
examples.

Proof. (a) From [AMSI], Lemma 1.1.a] we know that every R(Gy, T) is a root system.
However, this result does not apply to our current J°, as (M,v,qe) need not be
cuspidal quasi-support for a group with neutral component J°.

We will check the axioms of a root system for R(J°,T). For arbitrary o,/ €

R(J°,T), we have to show that

(1) (a”, B) € Z;

(2) sa(B) € R(J°,T), where s, : X*(T') — X*(T) is the reflection associated to

a and aV.

Assume first that o and 3 are linearly independent in X*(7'). The element ¢(Frobg) €
LY x W centralizes T' and normalizes J°, so it stabilizes each of the root subspaces
ga C Lie(J°). Let A\, (respectively Ag) be an eigenvalue of Ad(¢(Frobp))lg, (re-
spectively Ad(¢(Frobr))|g,). Since o and j3 are linearly independent, we can find a

t € T with a(t™') = Ay and B(t71) = Ag. Define (¢t|wy, v, ge) € 5} by dili, = dl1,
and
(75) ¢¢(Frobg) = ¢(Frobp)(image of t in GJ,,)-

Clearly o, 8 € R(Gg,,T). Since this is a root system, (i) and (ii) hold for a and 8

inside R(Gg,,T). Then they are also valid in the larger set R(J°,T).
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Next we consider linearly dependent «, 5. Then s,(8) = —f, so (ii) is automati-
cally fulfilled.

Suppose that there exists a v € R(J°,T) \ Qa which is not orthogonal to a. As
before, we can find ¢, ¢3 such that o,y € R(G‘;Q,T) and f,v € R(G(‘;3,T). Hence
both {a,~} and {8,7} generate rank two irreducible root systems in X*(7), and
these root systems have the same Q-span. From the classification of rank two root
systems we see that QaeN R(J°,T) is either {£+a} or {+a, +2a} for a suitable &. In
particular (i) holds, for

(¥, B) € £{1,2,4} C Z.
Finally we suppose that Qa N R(J°,T) is orthogonal to R(J°,T) \ Qa. The Lie
algebra of Z(M)° = T admits a decomposition t = ker a @ t,, such that all roots
in R(J°,T) \ Qa vanish on t,. Write J, = Z;(ker «v), so JS is a Levi subgroup of
J° and (M,CM ¢€) is a cuspidal quasi-support for J, N Gy. Also (M°,cM° L) is a
cuspidal support for J§ N Gg.

Choose ¢ such that Qa N R(G;, T) is nonempty. Then R(JS N G;,T) is a rank

one root system. This imposes strong restrictions on M° and 7. All the remaining
possibilities are analysed in the proof of [Lus2, Proposition 2.8]. From Lusztig’s list
one sees that Lie(M°) determines Lie(J; N G3). In particular R(J5 N G, T) is the
same for all ¢ with Qa N R(Gg,T) # 0. Therefore Qo N R(J°,T) equals the rank
one root system R(J5 NG, T), and it satisfies axiom (i).
(b) Let A be a basis of the reduced root system R(J°,T);eq — which is well-defined
by part (a). Let Ay, € C (o € A) be an eigenvalue of Ad(¢(Frobr)) on g,. Since
A is linearly independent, we can find ¢; € T with a(t;') = A\, for all @ € A. We
put @1 := ¢y, , where ¢y, is defined by . Then A is contained in the root system
R(G‘;1 ,T). The Weyl group of (J°,T) is generated by the reflections s, with a € A,
so it equals the Weyl group of (G;l,T). In particular it stabilizes R(G;I,T). Every
element of R(J°,T)eq is in the Weyl group orbit of some a € A, so R(GZNT)
contains R(J°, T")req.

Suppose now that a,2a € R(J°,T). As above and as in [Lus2, Proposition 2.8],
we consider Jg = Zo (ker o). we saw that Lie(M°) determines Lie(J3NGY) whenever
R(G;, T) N Qa is nonempty. Consequently 2ac € R(J5 N G;,T) for any such ¢. In
particular 2a € R(GY,,T) whenever o, 2ac € R(J°,T). As R(Gg ,T) D R(J°, T)reds

this means that R(G ,T) = R(J°,T)rea- O
We define
(76) o = WI(R(J®,T)) = Nyo(T) /2o (T).

Since L) = Zgy (T), it equals
Nzgy 00e)(T)/ Zey (6(IF)° = Nyo (L)) Zo (L)
By Proposition also equals
W(R(Gg,,T)) = Nag, (T)/Zas, (T).
Any element of G which normalizes T' = (Z(M )°)WE will also normalize £V x
Wp = Zgvuw,(T) and M = Zg, (T), while by [AMS2, Lemma 2.1] it stabilizes
CM and ¢&€. The group
Wev C Ngv([,\/ XWpg, M, qg)/ﬁv
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from (66]) stabilizes the £Y-conjugacy class of X, (LY)(¢|w, v, g€), so we can rep-
resent it with elements that preserve ¢|1, and normalize J = Z}{Svc (¢l1p), M and T.
As LY centralizes T', Wev naturally contains W2, and it acts on R(J°,T).

Let RT(J°,T) be the positive system defined by a parabolic subgroup P° C J°
with Levi factor M°. By Proposition [3.9a any two such P° are J°-conjugate, so the
choice is inessential. Since Wv acts simply transitively on the collection of positive
systems for R(J°,T), we obtain a semi-direct factorization

Wev = W3 1 Rgv,
Rev = {w € Wov : wRT(J°,T) = RY(J°,T)}.
We choose a ¢ as in Proposition which will play the role of a basepoint on 52/:.

Then
W(R( ;NT)) = (st,dn,v,qﬁ)o - 5OV7

but the group R,v need not fix (¢1|w,, v, ge). Clearly the set
Xoe(FL)ov = {2z € Xpu(PL) : 200 =pv 61}

only depends on s/, not on ¢;. Moreover it is finite, for it consists of elements
coming from the finite group £, N Z(LY). Writing

Ty = Xur(“L)/ Xur(“L) v,
we obtain a bijection
(77) Tov = 5p 2 = [201|lwp, 0, gel.

Via this bijection we can retract the action of Wyv on X, (“£) to T,v. Then %

fixes 1 € Tyv. If ¢ is another basepoint, like ¢1, then also W(R(GF . T)) = W2, so

to € TV, Consequently the action of W, on T is independent of the choice of ¢y.
In the other hand, the action of Rsv on T,v may very well depend on the choice of
the basepoint ¢;.

The elements of R(J°,T) extend to characters of T x X, (*H), trivial on the
second factor.

Lemma 3.10. The subset R(J°,T) C X*(T x Xu(YH)) naturally descends to a
root system in X*(Tyv).

Proof. As these roots come from the adjoint action of 7' on Lie(J°), they are trivial
on central elements. Then Lemma shows that R(J°,T) naturally descends to a
set of algebraic characters of X,,;(*£), namely those appearing in the adjoint action
of Z(L x 1Ip)° on Lie(J°).

Consider any z € Xp(“L)sv. Then Gy, = Gy, so a(z) = 1 for any a € R(J°,T).
Now R(J°,T) descends to a root system in X*(Tyv) via (77). O

We endow the root datum
Rev = (R(Jov 1), X*(Tev), R(J®, T)V7 X*(THV))
with the set of simple roots determined by a parabolic subgroup P° C J°. We want
to define parameter functions A and \* for R,v, so that for every (¢p|w ., v, g€) € s}
with ¢, bounded, the reduction to graded Hecke algebras via Theorem gives the
algebra H(¢y, v, g¢, T) from . For ¢y = ¢ imposes the conditions
2Ma) =20 (a) = ¢(a) a € R(J°,T),a" ¢ 2X,(Tyv),

(78) Ma) + A (@) = (@) ac RU°.T).a" € 2X.(Ty),
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where ¢(a) is computed as in Proposition with respect to G . When aV ¢
2X,(Tsv), every ¢p = t1 with t fixed by s, satisfies t(a) = 1, so for G we get the
same value of ¢(«).

This is a little more complicated if oV € 2X,(T,v). Then any ¢, = t¢; with ¢
fixed by s has a(t) € {1, —1}. Whenever «o(t) = 1, ¢, gives the same c(«) as ¢;.
When a(t) = —1, (43) imposes the new condition

ala)  aeR(Gy,,.T)

79 Ma) — XN(a) = cf(a) = $1

(79) @ =¥ == { 00 e ey

Here ¢; means ¢ computed with respect to G§¢1. Clearly the system of equations
and has unique solutions A(a), A\*(«) € Q.

Lemma 3.11. There exists a basepoint ¢1 such that M o), N () € Z>q for all
a€ R(J°,T).

Proof. There only is an issue when a¥ € 2X,(T,v). Notice that ¢*(a) € Z by
Proposition 2.1 With [Lus2] we can compare the parities of ¢() and ¢*(c).
(i) fae R(G§¢ ,T),2a € R(G;l,T), then 2a € R(Gf¢ ,T). By [Lus2, Propo-
sition 2.8] ¢(a) and ¢*(«) are both even.
(i) If o € R(G},, T) and 2a ¢ R(Gg ,T) = R(J°,T), then 2a ¢ R(Gg,,,T) C
R(J°,T). By [Lus2, Proposition 2.8] ¢(a) and ¢*(«) are both odd.
(iti) If 2a € R(Gy,,,T) but a ¢ R(Gy, ,T) then R(J°,T) has type BCy. For a
suitable choice of ¢, R(Gy, ,T) has type Cy. By [Lus2, §2.13] c(a) is odd
and ¢*(a) = ¢:(200)/2 = 1.
In the cases (i) and (ii) it may occur that ¢*(«) > ¢(«). When that happens, we
consider the unique simple root ¢ in the same Wyv-orbit as «, and we choose t' € T'
with o/(t') = —1 and B(#') = 1 for all other simple roots. Then we replace ¢; by
t'¢1, which means that we exchange c(o/) = ¢(a) with ¢*(a) = ¢*(¢/) and leave all
other parameters as they were.
With this and the above parity comparison we get

Ma) = (c(a) + c*(a))/2 € Zsp and N (a) = (c(a) — c*(a))/2 € Z>9. O

To sV we can associate the affine Hecke algebra H(Rsv, A\, \*,Z), where ¢ is as
in Lemma and A and \* satisfy and . However, this algebra takes only
the subgroup Wy, of W,v into account. To see Wyv 4, 1 4e, We can enlarge it to

H(Rg\/ A, )\* _’) X (C[%s\/,dnl, v,q€s H5V7¢17v,qe] =

80 . o y
(80) H(Rsv, A\, \*,Z) X End;Lle( ) S((prl)gqé').

But Wyv can also contain elements that do not fix ¢¢. In fact, in some cases Wyv
even acts freely on Tgv.

Proposition 3.12. Assume that the almost direct factorization @ of J° is Wyv-
stable.

(a) The group Rev acts naturally on H(Rsv, A\, \*,Z), by algebra automorphisms.
(b) This can be realized in a twisted affine Hecke algebra

H(Rav, A\, N, Z) x C[Rav, Iev] = H(Rev, A\, N, Z) X EndDLle( J)RS((prl)!q'g)
in which 1s canonically embedded.
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Proof. (a) The action of Rev on Tyv comes from ([77). This determines an action on
O(Tev) = C[X*(Tyv)]. Any v € Rev maps 0, to an invertible element of C[X*(T,v)].
That is,

Y Op = Oyp Ny p with A, , € C*.
The linear part x — vz is an automorphism of X*(7T,v ), and the translation part of
v : Tev — Tyv is given by )\;}6 = x(y(1)). Since W, is normal in Wev,

(Wsov),y(l) = (’)/Wsov"}/_l)l = (Wso\/)l = Eov.
In other words, the translation part of v commutes with all the reflections s, (o €
R(J°,T)).
According to [AMSI) lemma 9.2] there exists a canonical algebra isomorphism

¢77¢17U7q6 : (C[W5V7¢17U7q57 K’(ﬁl,’l},(]f] — C[st7’y(¢1)1v7q€7 K’Y¢17v7q5]'

Let us recall its construction. There is a Gg,-equivariant local system 7,(¢€) on
(G¢,)rs, an analogue of K and K*. It satisfies

(81) C[st,%,v,qev ’{051,117(16] = EndD(Gm)Rs (7 (qNE))

Choosing a lift ny € Ng,, (M) of v and following the proof of [AMSI] Lemma 5.4],
we find an isomorphism

(82) by : T (q€) — T (Ad(ny)*E).
Then 1), 4, v e is conjugation with gb,.

In this context [AMSI] Lemma 5.4] says that there are canonical elements gb,, €
Endp(G,, )rs (m:(¢€)) (w € W2,) which via become a basis of C[W2/]. Since

% is normal in Wyv, 9, 4, o qe stabilizes the set {gb,, : W2 }. Moreover v € R,v,
SO .4, v,qe PErmMutes the set of simple reflections in W_,.

From Proposition and we observe that the parameter functions A and \*
are Wyv-invariant. Hence the map Ns, — N, -1 extends uniquely to an automor-
phism of the Iwahori-Hecke algebra H(Wg,Z**) which fixes Z.

Now we have canonical group actions of $i;v on the algebras
O(Xue(FL) x (C)4) = CIX*(Xne(FL))] ® C[Z, 771
and H(W¢g,Z*), and as vector spaces
H(Rev, M, N, Z) = O(Xne(PL) x (C)Y) @ H(WE, 7).

The relation involving 6, Ns, — N, 0, (») in Proposition is also preserved by
v, because x(y(1)) = so(z)(7(1)). So Rsv acts canonically on H(Rsv, A\, \*,Z) by
algebra automorphisms.

(b) The same construction as in the proof of Proposition yields an algebra

(83) H(Rev, A\, X", Z) % C[Rov, K],

in which the action of Rsv on H(Rsv, A\, A*, Z) has become an inner automorphism.
This works for any 2-cocycle xgv. It only remains to pick it in a good way, such that
Kgv |(WSV,¢,v,qE)2 equals Kgv g ge- For this we, again, use the maps gb,, from . The
cuspidal local system Ad(n,)*¢€ does not depend on the choice of n., because ¢&€
is M-equivariant. Furthermore gb, is unique up to scalars, so

qby - gby = Ay 4/qb,.y for a unique A, € C*.
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We define kqv by kev (7,7') = Ays. This is a slight generalization of the construction
in Section (1| and in [AMSI|, Lemma 5.4]. As over there,

EndDLie(J)Rs ((PH)!(];‘:) = C[st,ﬁsv],
EndiJSLie(J)RS((Prl)!qg) >~ C[Rsv, kev].

As the J-equivariant sheaf (pry)1g€ on Lie(J)rg contains the Gy-equivariant sheaf
(pry)1g€ on Lie(Gy)rs,
Kev o (Wev)? = (Wov /[WQ)? = RE, — C*

extends Kev gy ge © (Wev puge)® — CX, for every (¢|w,,v,ge) € s).. For ¢ = ¢; this
means that

%(Rsv, )\, Xk, Z) Dol (C[st,qbl,v,qea hsv,qbl,v,qs} .
is canonically embedded in . U

The algebra from Proposition b is attached to sV and the basepoint ¢ of s}.
To remove the dependence on the basepoint, we reinterpret H(Rsv, A, \*, Z). Recall
that W,v acts naturally on s} (which is diffeomorphic to Tyv). In view of Lemma
every a € R(J°,T) is well-defined as a function on s/, that is, independent of
¢1. In the same way as in Proposition we can define an algebra structure on

O(EZ) ® (C[Z’ Z_l] ® C[ 5OV]'
It becomes an algebra H (s}, W2, A\, \*, Z) which is isomorphic to H(Rev, A, A*,Z),
but only via the choice of a basepoint of 5%. In Proposition a we showed that
MRev acts naturally on H(s), W2, A, A*,Z). Applying Proposition b, we obtain
an algebra

(84) H(sp, WA\ A*,Z) x EndgLie(J)Rs ((prl)qu’), where J = Zésvc(d>|1F)

Now we suppose that the almost direct factorization of J° is Wv-stable of the type
. We obtain two algebras:
e H(sY,z), the algebra when J; = J3, ., with only one variable z;
e 7(sY,Z), the algebra (84) when (6] is the finest possible W,v-stable almost
direct factorization of J°.

Lemma 3.13. The algebras H(s¥,z) and H(sY,Z) depend only on sV, up to canon-
1cal 1somorphisms.

Proof. The above construction shows that H(s",z) and H(sY,Z) are uniquely deter-
mined by (s}, M, P). Up to G¥-conjugation, this triple is completely determined by
s”. The normalizer of s} is contained in J, and the pointwise stabilizer of s}, in .J is
just M. Given s} and M, [AMS2], Lemma 1.1] shows that all possible choices for P
are conjugate by unique elements of Nyo(M°)/M°. Thus all possible (s}, M’ P’
underlying sV are conjugate to (s}, M, P) in a canonical way. Any element of G,
which realizes such a conjugation provides a canonical isomorphism between H(s", z)
(respectively H(sY,Z)) and its version based on (s}, M’, P). O

Example 3.14. Suppose that (¢, p) is itself cuspidal, so £LY = GY and ge = p.
Then J° = M°, v is distinguished in that group, 7" = 1 and R(J°,T) is empty.
Furthermore W,v = 1 because Ngv (LY x Wg)/LY = 1. Consequently

H(s',2z) = O(Tyv) ® Clz,z '] and H(s",Z) = O(Tyw) @ Clz1,27 ", ..., 24,2, "],

where d is the number of simple factors of J3,, .
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For (¢,p) as in , let M (¢, p, Z) be the irreducible #(s",Z)-module obtained
from M (¢, p,logz) € Irr(H(¢p,v,qe,r)) via Theorems and Up to GY-
conjugation, every element of CIJe(QV)SV is of the form described in , so this
definition extends naturally to all possible (¢, p). Similarly we define E(¢, p, 2) as
the ”standard” H(s", Z)-module obtained from E(¢, p,log Z) € Mod(H(¢y, v, ge, T))
via Theorems 2.5 and 2.9

We formulate the next result only for H(s",Z), but there is also a version for
H(sY,z). In view of , the latter can be obtained by assuming that all z; are
equal.

Theorem 3.15. (a) For every 7 € RY ) there exists a canonical bijection
Be(G(F)* = Irrz(H(s",2)) = (d,p) = M(,p, ).

(b) Both M(¢,p,Z) and E(¢,p,Z) admit the central character ng(cfﬁ\wF,v,qe) €
O (L(F))*/Wyv, where §li, = ¢l1, and ¢(Frobr) = ¢(Frobr)d(1, (7 .%))
with ¢ as in .

(c) Suppose that z € RL,. Equivalent are:

® ¢ is bounded; -
o (¢, p, Z) is tempered;
o M(p,p,Z2) is tempered.

(d) Suppose that Z € Ril. Then ¢ is discrete if and only if M (¢, p, %) is essentially
discrete series. In this case E(¢,p,Z) = M(¢p, p, Z).

Proof. (a) Let us fix the bounded part ¢, and consider only ¢ in Xy, (VL)shp. We
need to construct a bijection between such (¢, p) and the set of irreducible H(s", Z)-
modules on which Z acts as Z and with O(s})-weights in

st (an(Lc)rsd)ba v, q€) C 5%'

We want to apply Theorem a here, although H(s",Z) and H(Rsv, A\, \*, Z) need
not be of the form H(G, M, ¢€). To see that this is allowed, pick a basepoint ¢; as
in Proposition Then H(s",Z) becomes a twisted affine Hecke algebra associated
to a root datum, parameters, a finite group and a 2-cocycle. For such an algebra the
proof of Theorem [2.5] works, it does not matter that the parameters can be different
and that 2R;v need not fix the basepoint of Tyv.

Consider the twisted affine Hecke algebra H(s", ¢,) with as data the torus s},
roots {a € R(J°,T) : sa(¢p) = ¢p}, the finite group Wyv 4, 4 ¢c, parameters X\, \* as
in and and 2-cocycle fge. The upshot of Theorem a is a canonical bi-
jection between the above irreducible H (s, Z)-modules and the irreducible modules
of H(s, ¢p) with central character in (Xpu.(*L)ss, v, qe) x {Z}.

With respect to the new basepoint ¢, H(s", ¢,) becomes isomorphic to a twisted
affine Hecke algebra of the form described in Proposition Then we can apply
Theorem to it, which relates its modules to those over a twisted graded Hecke
algebra. Again it does not matter that the parameters of the affine Hecke algebra
can differ from those in Theorem this result applies to all possible parameters.
The parameters of the resulting graded Hecke algebra are given by and .
Comparing that with , and , we see that that graded Hecke algebra is
none other than H(¢y, v, ge, T).

Thus Theorem [2.5]a yields a bijection between the above set of irreducible modules
and the irreducible H(¢y, v, ge, ¥)-modules with central character in Lie(Xp, (VL)) x
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{log z}. By Theorem this last collection is canonically in bijection with

(85) L\Ijil(cv X WF" an(LE)rsqbb’WF) v, qe)‘

The resulting bijection between and the subset of Irr(H(s", Z)) with the appro-
priate central character could depend on the choice of an element in the Wv-orbit
of ¢p. Fortunately, the proof of Lemma applies also in this setting, and it entails
that the bijection does not depend on such choices. Now we combine all these bi-
jections, for the various ¢. This gives a canonical bijection between @e(gv)ﬁv and
Irrz(H(sY, Z)).

(b) By [AMS2, (86)] E(¢, p,log Z) admits the central character

(Wev 4,000 <log _12g5‘) ,log 2), where oy is given by . Applying Theorems
and [2.5) - produces the representation E(¢, p, Z), with the central character that sends
Frobp to ¢(Frobg)¢(1, (z 0,)). That is just Wev(¢lw,,v,qe). This also applies

0zt
to the quotient M (¢, p, ) of E(é, p, 2).
(c¢) and (d) These follow from Theorem (parts b and c), Theorem [2.9/d and

Proposition 2.7} O

We note that the qz~$ from Theorem b is essentially the infinitesimal character

of (¢,p), at least when z = ¢}/ Y2 The bijection obtained in part (a) is compatible
with parabolic induction in the same sense as Corollary 2.12] For reference, we
formulate this precisely.

Lemma 3.16. (a) There is a natural isomorphism of H(s",Z)-modules

7—[(5\/,2') ( ¢szN@ HOHI p p)®E¢p,za

where the sum runs over all p € Irr(5¢) with LU (¢, p?) = LT (g, p).

(b) The multiplicity of My, = in H(s",Z) H(;%) " Eq?pQ PRt [p? : p]sf. It already
Q7

appears that many times as a quotient of H(sV,Z) & M@
H(sY, )

Proof. As observed after , the bijection in Theorem a is compatible with
parabolic induction in the sense of Corollary 2.12} The bijection in Theorem [3.15la
is obtained from Theorem [3.8] by means of the reduction Theorems [2.5 and [2.9]
Since these reduction theorems respect parabolic induction, Corollary [2.12) remains
valid in the setting of Theorem and it gives the desired results. U

4. THE RELATION WITH THE STABLE BERNSTEIN CENTER

Let ®(“G) be the collection of GV-orbits of L-parameters. Recently, inspired by
[Vog], Haines has considered the stable Bernstein center in [Hai]. We will explore
below the relation of the latter with the Bernstein components ®,(~G)s’

The notion of stable Bernstein center which we employ here naturally lives on
the Galois side. In principle it should be related to stable distributions on G(F')
[Hail, §5.5], but that connection is currently highly conjectural. Because of that,
we will consider it for all inner twists of a given reductive connected p-adic group
G(F') simultaneously. Let G*(F') be a quasi-split F-group which is an inner twist of
G(F'). The equivalence classes of inner twists of G* are parametrized by the Galois



AFFINE HECKE ALGEBRAS FOR LANGLANDS PARAMETERS 45

cohomology group H'(F,G*;). For every o € H'(F,G?,), we will denote by G, (F)
an inner twist of G*(F') which is parametrized by a. By construction

q)e(Lg) = |_| Pe(Ga(F)).

acHY(F,G*))

Definition 4.1. The infinitesimal character of an L-parameter ¢ € ®(“G) (or an
enhanced L-parameter (¢, p) € ®.(%G)) is the L-parameter A\y: Wp — GY x W
(trivial on SLy(C)) defined by

Ag(w) = ¢p(w,dy), forallwe Wp,
where d,, = diag(|w|'/2, |w|~1/?).

Remark. As noticed in [Halil § 5], if ¢ is relevant G(F'), it may occur that A4 is not
relevant for G(F) anymore. In contrast, for every ¢ € ®(LG), we have Ay € ®(LG),
since Ay is relevant for G*(F).

Definition 4.2. An inertial infinitesimal datum for ®(*G) is a pair (£V,isv), where
LY C GV is a W -stable Levi subgroup and i,v is a an(L L)-orbit of a discrete Lang-
lands parameter A\: Wr — LY x W (trivial on SLy(C)). Another such object is
regarded as equivalent if the two are conjugate by an element of GV. The equivalence
class is denoted i = (LY, igzv)gv = [LY, Ngv.

The stable Bernstein center for “G is the ring of GV-invariant regular functions
on the union of the algebraic varieties i (see [Hail, §5.3] for the precise meaning).

We will attach to each inertial equivalence class for ®.(G(F)) the G¥-orbit of an
inertial infinitesimal datum, as follows:

Definition 4.3. For every cuspidal inertial equivalence class
sV = (L(F), Xur(PL) - (p,€))gv we set
inf(s") == (£, Xne("Ly) - Ap)gv,

where £ is a Levi subgroup of £ which contains minimally ¢(W ).

We remark that if ¢ has nontrivial restriction to SLy(C), then we may have
LY C LY and X (PL) C Xne(PLy).

Let B} denote the set of equivalence classes of inertial infinitesimal data for
®.(LG). For every i = [LY, Ngv € BY we set:

(I)e(Lg)i = {(¢> P)QV € q)e(Lg) : )‘d) € an(Lcl) ’ )‘} :

In this way, we obtain a partition of the set ®.(“G) (a ”stable Bernstein decompo-
sition”):

(86) Pe("G) = |y, ("G

It is worth to observe that, in contrast with Section [3] the above definitions involve
only the Langlands parameter ¢ € ®(*G) and not the enhancement of ¢. In par-
ticular (¢, p) and (¢, p’) are always contained in the same ®.(“G);. Consequently
the decomposition is coarser than the Bernstein decomposition of ®.(*G) from
. To make this precise, we define

BY("G) = || BY(Ga(F))

acH! (F.G:)
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Theorem 4.4. For i€ BY we write BY := {s¥ € BV(LG) : inf(sV) =1i}. Then

\%

<I>6(Lg)i — |_|5V€%v ‘I’e(Lg)E )

Proof. This follows from the fact that for any enhanced Langlands parameter (¢, p)
in ®.(%G), the infinitesimal character A4 of ¢ coincides with the infinitesimal char-
acter A, of its cuspidal support (¢, ge) [AMSI] (108)]. O

This theorem implies that is a partition of ®.(“G) in subsets which are
both unions of Bernstein components and of L-packets, in the sense that one piece

contains (¢, p) if and only if it contains (¢, p’).
Combining Theorems [£.4] and we obtain:

Corollary 4.5. For every i€ BY, and every Z € Rio, there is a canonical bijection
| |_| Irrz (sV,Z)).

Remark. It is natural to expect that a certain compatibility should exist between
the algebras H(s",Z) when s¥ runs over the set B, for a fixed i. A naive guess
would be that there exist "spectral transfer morphisms” (defined as generalizations
to twisted affine Hecke algebras of the notion introduced by Opdam in the case of
affine ones in [Opd2]) between the algebras H(s",Z) for s¥ € B, the role of the
lowest algebra being played by an algebra H(sy,Z), with s} = (£1,5£1)gv

5. EXAMPLES

In this section we will work out some affine Hecke algebras attached to Bernstein
components of Langlands parameters. In the examples that we consider the local
Langlands correspondence is known, and it matches Bernstein components on the
Galois side with Bernstein components on the p-adic side. We will compare the
Hecke algebras associated to Bernstein components that correspond under the LLC.

5.1. Inner twists of GL, (F).

Recall that F' is a local non-archimedean field, and let gr be the cardinality of
its residue field. Let D be a division algebra with centre F' and dimp(D) = d°.
Take m € N and consider G(F) = GL,,(D). It is an inner form of GL,(F') with
n = md. In fact G(F') becomes an inner twist if we regard D, the Hasse invariant
h(D) € {z € C* : 2¢ = 1} or the associated character xp of Z(SL,(C)) as part of
the data. Up to conjugacy every Levi subgroup of G(F') is of the form

= Hj GLp,; (D) with Zj mj =m

Let (¢ = D, ¢j,p = ®jpj) € Peusp(L(F)). In [AMSI], Example 6.9] we worked out
the shape of cuspidal Langlands parameters (¢;, p;) for GL,,, (D). Namely

e 0 =djlw,® de where de is the irreducible d;-dimensional representation
of SLy(C) and ¢;|w, is an irreducible representation of dimension m;d/d;.
(This says that ¢; is discrete.)

o Sy; = Z(SLy,a(C)) and pj is the character associated to GLy,, (D), that is,
pj(exp(2mik/(m;d)) m,a) = h(D)*. (So (¢}, p;) is relevant for GLy,, (D).)

e lem (d,mjd/d;) = m;d, or equivalently ged(d, mjd/d;) = d/d;. (This gua-
rantees cuspidality.)
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It is known that two irreducible representation ¢; and ¢;, of W g are isomorphic up to
an unramified character, if and only if their restrictions to Ir are isomorphic. Hence
we can adjust the indexing so that ¢|1, = @, qﬁl@ei |1,.. Because the restriction of each
¢; to Irp decomposes as sum of irreducible representations of Ir with multiplicity
one, we find that R(J°,T) = [[, Ac,—1. To determine the Hecke algebra of the
associated Bernstein component s of ®.(G(F')), we make a simplifying assumption:
if m; = m; and ¢; differs from ¢; by an unramified twist, then ¢; = ¢;.
We adjust the indexing so that

=[[.CLwn(D), o=€D. o7, »=0Q 0"

where ¢; and ¢; are not inertially equivalent if ¢ # j. Let s’ be the Bernstein
component of ®¢(GLy,,e, (D)) determined by (47, p2*). Choose an isomorphism
Mae;m;(C) = Mp,.4/4,(C) ® Mg,e,(C) and let 1,, be the multiplicative unit of the
matrix algebra M,,(C). Then

Gy = Zg1,,(c)(¢(WFr)) = SL,(C) N Hi(lmid/di ® GLge; (C)) = SLp(C) N Hl Go,is
M = SL,(C) N [ ] (Lmiaya; ® GLa, (€©)%),

T = SL,(C) N Hi(1m2.d/di ® Z(GL4,(C)%), R(Gg,T) H A, 1,

Ty, = {$i @ xi € ®(GL, (D)) : Xi € Xrr("GLin, (D))},

Ty = H T\/ = H Td)l)@z Wy = WSV,¢ = Hz Se;-

Furthermore we can decompose uy = [[;(ug,i), where ug; belongs to the unique
distinguished unipotent class of 1,,,4/4, ® GLg,(C)%. By [Lus2, 2.13] this implies
c(a) = 2d; for all a € R(Gy;T,T). Then A(a) = d; on R(Gg,;T,T), whereas \* does

not occur. We conclude that

(87) H(s",Z) = H(Rev, N\, Z) @ H(GLe,q,(C), GLg, (C)% vl,p;@ez z;),

a tensor product of affine Hecke algebras of type GL,, with parameters z . Because

Ty is the quotient of an(LGL .(D)) by a group of finite order, say t(dh) the most

appropriate specialization of is at z; = q},g@)/ % Indeed this recovers the exact

parameters found by Sécherre in [Secll, Théoreme 4.6], see .

Now we consider Hecke algebras on the p-adic side. By the local Langlands cor-
respondence for GLy,, (D) (see [HiSa, §11] and [ABPS2, §2]), (¢, pi) is associated
to a unique essentially square-integrable representation o; € Irr(GLy,,(D)). More-
over the condition lem(d, m;d/d;) = m;d guarantees that o; is supercuspidal, by
[DKV], Théoreme B.2.b]. (This is a formal consequence of the Jacquet-Langlands
correspondence, so in view of [Bad] it also holds in positive characteristic.) Hence

(92, pP) € Deusp(GLim,; (D)%) corresponds to % € Trreusp(GLp, (D)%).

Let s; denote the inertial equivalence class for GLy, .. (D) determined by

(GLyp,; (D)%, 0%). In [SeStll, Théoreme 5.23] a s;-type (J;, 7;) was constructed. The
Hecke algebra for (J;, ;) was analysed in [Secll Théoreme 4.6], Sécherre found an
isomorphism

(88) H(GLmzel(D)ajl)Tl) g H(GLEZJQF)
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where the right hand side denotes an affine Hecke algebra of type GL,, with param-
eter q . (for a suitable f; € N depending only on o; or ¢;, see below) From the
explicit description in [Secll §4] one sees readily that the isomorphism (88]) respects
the natural Hilbert algebra structures on both sides.

Remark. Let t(0;) denote the torsion number of o;, i.e., the number of unram-
ified characters x; of GL,, (D) such that x; ® o0; = 0;. It can also be described as
the number t(¢;) of unramified twists z; € Xy (*GL,y,, (D)) such that z;¢; = ¢; in
Denep (CLun, (D))

If D = F, then f; = t(o;). In general, f; = s(o0;) t(0;), where s(0;) is the reducibil-
ity number of oy, as defined in [SeSt2, Introduction] (see also [Sec2, Theorem 4.6]).
The number s(o;) coincides with the invariant introduced in [DKV], Théoréme B.2.b]
(as it follows for instance from [BHLS| Eqn. (1.1) and Definition 2.2}), itself equal
to the integer d;. Hence f; admits the following description in terms of Langlands
parameters:

(89) fi = s(oi)t(oi) = dit(e).
Write M(F) =[], GLy, (D)%, 0 = @, 0 and let s be the inertial equivalence
class of (M(F), o) for GL,,(D). In [SeStZ Theorem C] a s-type (J,7) was con-

structed, as a cover of the product of the types (J;, 7;) for s;. Moreover it was shown
that

(90) H(GL( ~ Q) H(GLe,, aih.

Since (88]) was an isomorphism of Hilbert algebras, so is . Notice that the

right hand side is also the specialization of H(s,?) at z; = q{,’/ %, Thus there are

equivalences of categories

(91) Rep(GLu(D))? ~Mod(® 1(GL,, ,qF)) NMod( (s¥,2)/({zi— W}i)).

It was shown in [BaCil §5.4] that, since these equivalences come from isomorphisms
of Hilbert algebras, they preserve temperedness of representations. Then [ABPS4,
Lemma 16.5] proves that maps essentially square-integrable representations to
essentially discrete series representations and conversely.

The torus underlying @), H(GLe,, q{;) is Ts = [M(F), 0] pm(ry, which by the LLC
for GL,,, (D) is naturally isomorphic to the torus Tyv underlying H(s",Z). Then
[ABPS3, Theorem 4.1] shows that, with the interpretation as in Lemma (which
highlights the tori in these affine Hecke algebras), the equivalences become
canonical. This means in essence that we use the local Langlands correspondence
for supercuspidal representations as input. With Theorem [3.15| we obtain canonical
bijections

(92)  Tr(GLy (D)) +— It (H@V, 7)/ ({z: - q{;/2}z)) s 3, (GLn(D))*

Proposition 5.1. The union of the bijections (92) over all Bernstein components
for GLy, (D) equals the local Langlands correspondence for GLy, (D).

Proof. In [ABPS2, §2] the LLC for GL,,(D) was constructed by starting with irre-
ducible essentially square-integrable representations of Levi subgroups, then apply-
ing parabolic induction and finally taking Langlands quotients. In the context of
types and covers thereof, [BuKull Corollary 8.4] shows that the maps commute

Y
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with parabolic induction. They also commute with taking Langlands quotients, be-
cause for these groups every Langlands quotient is the unique irreducible quotient
of a suitable representation.

Thus we have reduced the claim to the case of irreducible essentially square-
integrable representations. From [DKV) §B.2] we see that Rep(GL,,(D))® only con-
tains such representations if mie; = m. We may just as well consider the group
GLn,e; (D), which we prefer because then we can stick to the above notation. All its
irreducible essentially square-integrable representations are generalized Steinberg
representations built from 7;,. By construction the bijection for GL,,, (D)
sends Ts, to Tyyv.

Let xi € Xu(GLp, (D)), with Langlands parameter ¢; € Xy (*GLyy,(D)). The
generalized Steinberg representation St(o’) based on o’ = (x;0;)®% is the irreducible
essentially square-integrable subrepresentation of the parabolic induction of

(93) ]/A(liei)/QXio-i R X y.(eiil)

i i /2Xi0'i

to [[; GLm,e, (D), where v; denotes the absolute value of reduced norm map for
GLy,, (D). There is a unique such subrepresentation by [DKV], Théoréeme B.2.b]. By
definition [ABPSZ2, (12)] St(¢’) has Langlands parameter t;¢; ® T, SL,(C)-

Now we plug St(¢’) in and we use the property discussed under . Thus we
end up with an essentially discrete series representation of H(s",Z)/ ({z,, — q{ﬁ'/ 2}1)
By Theorem it corresponds to a discrete element of ®.(GLyy,e, (D)5, Tts
enhancement p; is uniquely determined by the requirement that it is relevant for
GL,e, (D), so we can ignore that and focus on the L-parameter. The image of W
under this L-parameter is contained in GL,,,(D)%" = GL,,,4(C)%, so it can only
be discrete if it is of the form t; ® 7., s1,,(c) for some irreducible m;d-dimensional
representation of W . Since the cuspidal support of the enhanced L-parameter lies
in Tyv, ¥; must be an unramified twist of ¢;. From and the expression for the
central character of M (1; @, s1,,(c)s Pi, 2i) given in Theorem b we deduce that
P; = t;¢;. Thus agrees with the local Langlands correspondence for essentially
square-integrable representations. O

5.2. Inner twists of SL,,(F).

This paragraph is largely based on [ABPS2, [ABPS3]. We keep the notations from
the previous paragraph. For any subgroup of GL,,(D), we indicate the subgroup of
elements of reduced norm 1 by a §. Thus

GH(F) = GLm(D)! = {g € GL,(D) : Nrd(g) = 1} = SL,,,(D).

The inner twists of GL,(F) are in bijection with the inner twists of SL,(F), via
GL,(D) < GL,,(D)* = SL,,(D). The L-parameters for GL,,(D)* are the same as
for GL,, (D), only their image is considered in PGL,,(C). In particular every discrete
L-parameter
¢* : Wp x SLy(C) — PGL,(C)

lifts to an irreducible n-dimensional representation of W x SLa(C). The local
Langlands correspondence for these groups was worked out in [HiSa, [ABPS2]. It
provides a bijection between the Bernstein components on both sides of the LLC,
which will use implicitly as s? <> s,

Let ¢ = ®i¢>;8ei be as before, and let ¢f € ®(L#(F)) be the obtained by composi-
tion with the projection GL,(C) — PGL,(C). Every Bernstein component contains
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L-parameters of this form. There is a central extension
1= Z5 =Sy = Rye = 1
where Ry = mo(ZpaL,(c) (im¢*)) and

Zgs = Z(SLu(C))/Z(SLa(C)) N Zsr, ) (¢)°.
Let pf be an enhancement of ¢f. The restriction p = pf|z ” is an enhancement of ¢,

so as before we may assume that it has the form p = ®zp®el Cuspidality of (¢, p*)
depends only (¢, p), it holds whenever p; is associated to the inner twist GLy,, (D)
of GL,,(F") via the Kottwitz isomorphism. We assume that this is the case, and that
(¢, p*) € Deusp(LF(F)). We note that GY, is the same for GL,,(D) and SL,,(D), and

that ¢ and ¢! have the same connected centralizer. Consequently
° :G;;, G@j/GO %%M, Mou:M(;,
¢ﬁ7 H Aefl’ )_d VQGR(G¢2T T)CR( ot )

Let s*V be the inertial equivalence class for ®.(GL,,(D)?) determined by (¢f, pf).
(In spite of the notation " does not determine it uniquely.) Then

Tev = (I].75) / 2(GLa( s =T Se.-

The cuspidal local system g€ associated to (qbﬂ pﬁ) satisfies
Ree = Wev /W, uv =R = Ry
The algebra
(94) H(Rsﬁ\/7)\7z) :H( ;ﬂ? ;ﬁﬂvap7z>
is a subalgebra of H(Rsv, A, Z), corresponding to the projection Tyv — Tyv. It is
contained in
H(s"*,2) = H(Raev, A, 2) % ClRe, e)-
Here the twisted group algebra and the 2-cocycle ;s = f4sv are given by
C[mqsﬁa %u] = pp(c[sqsﬁ]’

while the action of R on comes from its natural action on Rv.

For better comparison with the p-adic side we also determine the graded Hecke
algebras attached to s®V. Let (qﬁg, p") € Peysp(LH(F)) be an unramified twist of

(¢, p*) which is bounded. Let W be the stabilizer of qﬁg in Wyv. Then W° =
W(Gon, T) is the subgroup of W o ﬁ W, generated by the reflections it Contalns
The parabohc subgroup of G°ﬁ generated by M° ] and upper triangular matrices

determines a group R o such that

The 2-cocycle g ot on w ot is the restriction of fg v - W2jiv — C*. The root system

R ; is again a product of systems of type A, namely H Ae;—1 if ¢b ®j¢§.j . Then
I/VO =11, S, and

tyv = Lie(T,) = Z Lie(T5")) / Z(ghy
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It follows that

(95) H(¢b7 v, g€, I_:) = H(tsﬁva W¢ﬂ 5 Fv ﬂ(bti) = H(’%uv, W¢ﬂ 5 I_:) Do C[mqﬁh u¢ﬂ]
b b b b b

The Hecke algebras for Bernstein components of SL,, (D) were computed in [ABPS3].
They are substantially more complicated than their counterparts for GL,,, (D), and in
particular do not match entirely with the above affine Hecke algebras for Langlands
parameters. To describe them, we need some notations. Let P be a parabolic
subgroup of GL,,(D), with Levi factor M. Consider the inertial equivalence classes

= [M,0]m and s = [M, 0]ar,,(p)- Recall from that H(GL,,(D))* is Morita
equivalent with

RsaA C_I5 ® H GLQ:(:IF
We need the groups

XM(s) = {y € ir(M/M*Z(GL,(D))) : Yy @0 € 5pm),
XGLm( (5) = {7 € It (GLyn(D)/GLy (D) Z(GLy(D))) : v @ I ) (o) € s},
={w € Ngr,,(0y(M)/(M) : Iy € Irr(/\/l/MﬁZ(GLm( ) cw(y®@0) €51}

By [ABPS3, Lemma 2.3] Wﬁ W % %ﬁ for a suitable subgroup mﬁ, and by [ABPS3|
Lemma 2.4] XGm(D)(5)/ XM (5) = M. The group XCLm(D)(s) acts naturally on
Ts x Ws.

Let of be an irreducible constituent of o] amt- Every inertial equivalence class for
SL,, (D) = GL,,,(D)* is of the form s* = [Mﬁ,aﬁ]GLm(D)u. By [ABPS3| Theorem 1]
there exists a finite dimensional projective representation V,, of X GLmg) such that
’H(GLm(D)ﬁ)su is Morita equivalent with one direct summand of

(96) (H(Ras A, gs) @ Endg (V)X @ X MM o gae
The other direct summands correspond to different constituents of o| . In
the group

Xne(M/MP) = {x € Xpe(M) : M* C ker x}
acts only via translations of T;. We denote the quotient torus T/ X, (M/MF#) b
Tf and its Lie algebra by ’cﬁ.

From now on we will be more sketchy. The below can be made precise, but for
that one would have to delve into some of the technicalities of [ABPS3], which are
not so relevant for this paper. Although it is not so easy to write down all direct
summands of explicitly, we can say that they look like

M O.ﬁ
(97) (H(X*(TE), Re, Xo(TE), RY, A ) @ Ende (V)X 7 xRy,

for suitable XM(s,of) ¢ XM(s) and Ve C Vo (From the below argument for
graded Hecke algebras one see approximately how arises from ) This
algebra need not be Morita equivalent to a twisted affine Hecke algebra as studied
in this paper. The problem comes from the simultaneous action of XM (s, O‘ﬁ) on T, sﬁ
and V,s: if that is complicated, it prevents from being Morita equivalent to a
similar algebra without Endc (V). If we consider as a kind of algebra bundle

over Tﬁﬁ, then these remarks mean that V,; could introduce some extra twists in this
bundle, which take the algebra outside the scope of this paper. Examples can be
constructed by combining the ideas in [ABPS3| Examples 5.2 and 5.5].
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That being said, the other data involved in are as desired. It was checked in
[ABPS5, Lemma 5.5] that:

(i) The underlying torus T, = 7. * /XM(s,0%) is naturally isomorphic to T, =
(I)e(-/\/lji)[/\/ﬁiﬂ’j}/\/lﬁ .
(il) Ws x R = Wy is isomorphic to Wyv = Wev X Ryav.
(iii) The space of irreducible representations of @ is isomorphic to a twisted
extended quotient

(Tsﬁ//Wsﬁ)ﬁan = (Tsﬁv//WﬁﬁV)ﬁgw
and the 2-cocycle k.4 of W,; is equivalent to the 2-cocycle f v of Wsy.

Let us also discuss the graded Hecke algebras which can be derived from and
(97). The algebra (’)(Tf)x M&)Ws g naturally contained in the centre of . This
entails that we can localize at suitable subsets of T7/ WixM (s). Fix t € (T. sﬁ)un.
By localization at a small neighborhood of U of WZXM (5)t(T£)rS, we can effec-
tively replace X (s) by the stabilizer of X (s);, and M? by the stabilizer i)%g(t) of
W,X™M(s)t. Then is transformed into the algebra

M
(98)  Con(@)X™EOWE g (H(RE A g) @ Ende(V,)) X w0 R (1)
oMW

where R = (X*(Tﬁ),Rﬁ,X*(Tﬁ),R;/). But XM(s) acts by translations on T, so
XM(s); consists of all the elements that fix T? entirely. From the description of the
actions on (96]) in [ABPS3, Lemma 4.11] we see that X (s); acts only on Endc(V},).
Then

(99) EndC(VM)XM(s)t = Endyxmq), (V) = @m Endc (V)

is a finite dimensional semisimple algebra. The direct summands of and of
are in bijection with the E)‘ig(t)—orbits on the set of direct summands of (99). That

holds for any t € (Tsﬁ)u][17 in particular for s ome ¢ with %g(t) = 1, so in fact the
direct summands EndC(VMﬁ) of parametrize the direct summands of and

of . Thus is a direct sum of algebras

#
(100) Clan (U)X OW: ® (H(RE, X, gs) ® Ende (V) % R (8).
o(TiH XM Eew;

Here (uf, V,¢) is a projective representation of R (t). In such situations there is a
Morita equivalent algebra embedding

CRs(t),8] — EndC(VHﬁ)_N R (1)

r = pi(r)
for a suitable 2-cocycle §. Via this method (100]) is Morita equivalent with

#t
(101) Can@XMOWE @ H(RE N, gs) % C[R(2), ).
(9(T£)Xj\/l(S))VV:Ei

From the property (iii) of the algebra (97) we see that fj has to be the restriction of
fev to Rye(t)2. By Theorems a and [2.9/a the algebra (101f) is Morita equivalent
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with

f
(102)  Con (U)X W ®  H(t,W(Rs)i, gs) @ C[Rgs (1), fgsv].
o)X M@w

Hence the equivalence between Rep(SLy,(D))* = Mod(”H(GLm(D)ﬁ)Eu) and the
module category of restricts to an equivalence between

#
MOdf,WfXM(s)t(T_f)rs ('5‘-[(Ger(D)ﬁ)5 )) and
MOdf’(tg)rs (H(tﬁ, W(Rs)t, qs) A (C[SRM (t)7 hsﬁv]) .

Every finite length representation in Rep(SLm(D))S’i decomposes canonically as a
. . . # . .

direct sum of generalized weight spaces for (Q(Tgﬁ )X aONE , so by varying ¢ in (7. f )un

we can describe all such representations in terms of these equivalences of categories.

In this sense

(103) H(fg, W(Rs)ta QS) X C[msﬂ (t)v ﬂsM

is the graded Hecke algebra attached to (sﬁ,t). Suppose that ¢ corresponds to
(qbg,pﬁ) € Deusp(LH(F)), where M = L(F). Then we can compare with (95).
using the earlier comparison results (i), (ii) and (iii), we see that (103]) is the spe-
cialization of and r = log(gs)-

We conclude that, for a Bernstein component s? of SL,, (D), corresponding to a
Bernstein component sV of enhanced L-parameters:

e The twisted graded Hecke algebras attached to sf and to sV are isomorphic.

e The twisted affine Hecke algebras attached to s* and to s*¥ need not be
isomorphic, but they are sufficiently close, so that their categories of finite
length modules are equivalent.

5.3. Pure inner twists of classical groups.
Take n € N and let G be a split connected classical group defined over F' of rank
n, that is, G; is one the following groups

(i) Spy,,, the symplectic group in 2n variables defined over F,
(ii) SOg2p+1, the split special orthogonal group in 2n + 1 variables defined over
F7
(iii) SOagy,, the split special orthogonal group in 2n variables defined over F,
Let V* be a finite dimensional F-vector space equipped with a non-degenerate sym-
plectic or orthogonal form such that G'(F') equals Sp(V*) or SO(V*). The pure
inner twists G,, of G, correspond bijectively to forms V' of the space V* with its
bilinear form (, ) [KMRT, §29D-E|. If G}(F) = Sp(V*), then the pointed set
Hy(F,G}) has only one element and there are no nontrivial pure inner twists of
Gr. If GH(F) = SO(V*), then elements of Hi(F,G;) correspond bijectively to the
isomorphism classes of orthogonal spaces V' over F' with dim(V) = dim(V*) and
disc(V) = disc(V*). The corresponding pure inner twist of G'(F') is the special
orthogonal group SO(V).
Let G,,(F') be a pure inner twist of G* (F') (we allow G,,(F) = G (F')). It is known
(see for instance [ChGol), that up to conjugacy every Levi subgroup of G, (F) is of
the form

(104) L(F) =G, (F) x Hj GLmj(F)>
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where } . mj+n~ = n and G,-(F) is an inner twist of the quasi-split connected
classical group G*_ defined over F, of rank n~, which has the same type as G, (F).
There is a natural embedding Std.g of “G into GLyv(C) x Wg, where NV = 2n+1
if G} = Spy,,, and NV = 2n otherwise.

Let (¢, p) € Peusp(L(F)). The factorization leads to

(105) Stdig oo = ¢ & €D (¢ ® }).

Because we consider only pure inner twists in this section, instead of the group
Sy defined in Definition we will take the component group my(Z,v(¢)) and we
use a variation on ®.(*G) with that component group. The restriction of an en-
hancement p to the center of £ still determines the relevance. For instance, if the
restriction to Z(L£Y) is trivial, then it corresponds to the split form, otherwise it
corresponds to a non-split form. Hence, we can decompose p = p ® ®j pj, Where

(¢,0) € Peusp(Gn- (F)) and (¢5, pj) € Peusp(GLi,; (F)) for each j.

Let Ig (resp. I;) be the set of (classes of) self-dual irreducible representations
of Wg which occur in Stdrg o ¢ and which factor through a group of the type of
GV (resp. of opposite type of G). Let I(SL be a set of (classes of) non self-dual
irreducible representations of W which occur in Stdrg o ¢, such that if ¢ € IgL
then ¢V ¢ ISL, and maximal for this property.

On the one hand (¢;,p;) satisfy the conditions stated in Paragraph i.e.
¢; is an irreducible representation of Wr and p; is the trivial representation of
70(Za1,,. (©)(¢5)). On the other hand, after [Moul, Proposition 3.7], we have :

J

(106) Stdeg o= @ @(T@ Sai-1) @ @ @(T ® S2i),

relQ i=1 relf i=1

where the a, are non-negative integers. As it was introduced by Moeglin, let Jord(y)
be the set of pairs (7,a) with 7 € Irr(Wp), a € N* such that 7X.S, is an irreducible
subrepresentation of StdLgn_ 0.

The group S, is isomorphic to (Z/2Z)P for some integer p and then generated by
elements of order two z; 42, o With (7,a), (7,a’) € Jord(¢) without hypothesis on the
parity of a and by z; , when a is even. The character p satisfies p(27 2i—12r2i+1) = —1
for all 7 € Ig and i € [1, %1] and p(2r2;) = (—1)! for all 7 € Ig and i € [1, %].

We begin by computing the group Wy, so let us consider the restriction of ¢
to Ip. If 7 is an irreducible representation of W and of dimension m such that
7ltp =~ 71, then 7 =~ V2 with 2 € Xy, (*GL,,(F)). Replacing 7 by 72'/2 (where
21/2 is any square root of z), we can assume that 7 ~ 7V. In the following, for
all 7 we assume that, if gb}/ is inertially equivalent to ¢;, then gb}/ ~ ¢;. Note that
a self-dual irreducible representation of W is necessarily of symplectic-type or of
orthogonal-type.

For an irreducible representation 7 of W, we will denote by e, the number of
times where 7 appears in a GL factor of £Y, by ¢, the multiplicity of 7 in ¢|w,
and by Id?,GL (resp. Iq%,GL) the set of such 7 which are of orthogonal-type (resp.
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symplectic-type). Recall that LY =G (C) x [[; GLm,(C). Now we can write :

Ol = ol @ @j(¢j|1F S QZ)}/‘IF)

= @ f7—’7'|1F 8P, @ 26'1—7'|IF D @ eT(T|IF @TVhF)

(0) S (@] S G
TEIFUIZ TeTeIg&,GLI—'Iqa,GL T€I¢ L
\Y
= @ (267 + ET)T’IF @ @ eT(T’IF‘ 2 |IF)
(6] S GL
T€I¢ IJI¢ T€I¢

We have assumed that for 7 € IQ?L, T, # 7V[1, and we know that an irre-
ducible representation 7 of Wp, decomposes to Ir as 7|1, = 6 @ gFrobr @ @
QFmbi“T_l, with @ an irreducible representation of I and for all w € I, % robf (w) =

%

0(Frob " wFrob.). If we assume 7|1, =~ 7V|1,, then ¥ =~ §™°Pr for some integer
i V i
i between 0 and s, — 1. Then we have § ~ §°Pr  ~ FrobE | This implies that
i =0 or s; is even and i = s,/2. In the first case, ¥ ~ § and in the second case
sr/2
0V ~ A¥r°Pr " In the second case, T € Ig. Indeed, let us denote by n, = 2e, + ¢,

and by N, the multiplicity space of 7977, We already know that N ~ N, and
an isomorphism is given by f: N, — NY, A+~ AY. The intertwining operator A
permutes the subspaces of T as

sr—1®nr
gonT — gFrobr®nT |, gFroby .

We can then see that AV acts as

_ bnr
vén Frobp V&nr Frobsr —1V
0T — TOPF e A ,
that is,
ST/Q@nT s7-/2+1®n‘r s,—/2—1®n‘r
eFrobF N eFrobF O HFme

Since the order of Frobp is s;, Frob‘;;/Q acts by —1 and fV = —f. SoT € Ig. We
denote by ]31 the set of all 7 € I; which satisfy the second property, and by IS’O
the complementary set in Ig. So we find that :

T = Zgv (9l,)° =
11 802,46, (C)* x T Spae, 46, (C©)*x [ GLae,4e.(C)* x [[ GLe (C)*.

Telf rely?’ rely! Telgh

For all 7 € Ig, we have an embedding of (C*)¢" into (C*)¢" x SOy, (C) and the last
one is embedded diagonally as Levi subgroup in SOg._1¢_(C)®*7. We have the same
kind of embedding for 7 € Ii’o orT e I(EL. For 7 € I, the embedding of (C*)é7 in
GLge, +¢,(C) is given by (z1,..., 2., ) + diag(z1,..., 2e., 1,. .., 1,2;1, .. .,zl_l), with
¢; times 1. Moreover R(J°,T') is a union of irreducible components corresponding
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to each 7 with :

condition R; | Rrred
e=0 %)
TEI |e#04=0| C. | C.
e£0,0+0| BC. | B.
e=0 (%} o]
rel) |e£0,=0| D, | D.
e+£0,0+0| B. | B.
e <

R

GL
TEI¢

1
2 Ae—l Ae—l

WV |/

e

This tells us that that we can make a choice of basepoint for ¢ as follows :

e if m; = m; and ¢; differs from ¢; by an unramified twist, then ¢; = ¢; ;
e if ¢/ is an unramified twist of ¢;, then we can assume that ¢ ~ ¢; ;
o if ¢/ ~ ¢;, then i = j.

For this choice of ¢, for all 7 € Iq? I_Ij'qS5 L IEL, recall that e, is the number of 7 which
occurs in the GL factors and ¢, is the multiplicity of 7 in ¢. Hence we have :

b= @ 2677'@@67(7'@7'\/)@807

TelQUI rel§l
gb‘WF = @ (26T+€T)T@ @ ST(T@TV),
Telq?ulg TGI;}L

Go = [] Spae,,(C) x S| T Oze46,(C) | x ] GLe.(©),

S o GL
T€I¢ 7'€Iq> T€I¢

M= JT(@) xSp, (C) x S| J[ (@) x 0. (C) | x J] (€)=

S (] GL
T€I¢ T€I¢ TEI¢

The above expression for G naturally factors as [ ISUIOUIGH G37. With that we

can write

~
Il

II (©9~, R@G;T)=]]RGT,T).

S| 7OIGL
TelgulZuly
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After [Mou, §4.1], in the following table we describe the root systems and the Weyl
groups. We abbreviate R, = R(G3T,T) and R, eqd = R(G3T, T )rea-

G, M, condition R, |R;red WEEO WACZ
e=0 o | o 1) 1)
$D2ese(C) [ (C)° x Sp(C) | € £0.6=0| Co | Co | S0 3 (Z/22)° | S, 5 (2/22)°

e£0,L#£0| BC. | B. | S.x(z/22)° | S. % (2/2Z)°

e=0 o 1) (1)
Om(C) | (C)*x0u(C) | e#0,=0| D, | D. |Sex(Z/22)*" | S, x (Z)27)¢
c#0,0#0| B. | B. | S.x(2/22)° | 8. % (2)22)°

e<1 1% %) {1} {1}

2 Ae1 | At Se Se

®

GL(C) (€*)*

\AV/

e

For all 7 € I?, such that ¢, = 0, let 7, € W]\CZ \WJ\Gj(; The finite group R,v is
the subgroup (r | 7 € Ig, ¢; = 0). More precisely, let

C={relj|t =0}
Ceven = {7 € C|dim7=0 mod 2},
Coga ={r€C|dimT7=1 mod 2}.
It was shown in [Mou, §4.1] that :
e if G =Spy or G =SOp with N odd, then

Ryv = H(r.r);
Tel
o if G =SOy and £ = GL} x ... x GLY x SOy with N even and N’ > 4,
then
Rgv = H<TT>;
Tel

o if G =80y and £ = GL} x ... x GLY with N even, then

Ryv = H (rr) X (rrre | 7,7 € Coga).
TECeven
So far we have described W3, and R,v; let us describe the parameter function.
For that, from the shape of M?, we can describe the unipotent element v, in the
following table :

M? Ur l
(C*)e x Spe(C) | (1°) x (2,4,...,2d —2,2d) | {=d(d+ 1)
(C*)e x Oy(C) | (1°) x (1,3,...,2d — 3,2d — 1) 0= d>

(C)° (1)

To be complete, let us describe the cuspidal representation of Apse(v,). First, we
have :

Apge () ~ (Z.)27)¢ = (2724,0a € [1,d]) if r eI
M= (2)22) = (2rpa-12r2041,0 € [1,d = 1]) if 7€ IO
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Moreover, the cuspidal irreducible representation e, of Ayse(v,) satisfies €;(2r,24) =
(-Difr e IS and €-(2r24—12r2a4+1) = —1if 7 € I((;. For all 7 € Iq? L3, denote by
ar the biggest part of the partition of v, and by a’ the biggest part of the partition
of vg,, where ¢ is an unramified character such that ({7)¥ ~ {7 and {7 # 7. In case
ver = 1, then we will assume that . = 0 if 7 € Ig and o, = —11if 7 € Ig (this

follows from Lemma |3.11]).

When R;,eq is of type A, C or D, then after [Lus2, 2.13] for all simple roots
a € Rrred, ¢(@) = 2, 50 A(a) = 1. When R;,eq is of type B, then for all simple
roots which are not short A(a) = 1. For the simple short root o € R+ ed, we have,
c(a;) =ar +1 and ¢*(a,) = a,. + 1, hence

/ o
Mar) = Gr 1 0y + 1 and \*(a;) = lar = ar]
2 2
We conclude that
(107) H(sV,Z) = H(Rev, A\, N, Z) x C[R ® H(G, M2, vr, €7, 2+) 3 C[Rev].

Let ¢(7) be the order of the group of unramified characters y such that 7 ~ 7x. Via
the specialization of z, at qg‘r)/ 2, becomes precisely the extended affine Hecke
algebra given in [Hei2].

Moreover, it was shown in [Hei2] that there is an equivalence of categories between
Rep(G(F))® and the right modules over H(s",Z)/({z, — q%ﬂm}f). Together with
the LLC for G(F) we get bijections

Y

tr(H(s",2)/ ({27 — a17°}) ) > In(G(F))" < @.(G(F))"".

It does not seem unlikely that this works out to the same bijection as in Theorem
a. But at present that is hard to check, because the LLC is not really explicit.

Example 5.2. We consider an example that illustrates many of the above as-
pects. Let 7 : Wgr — GL4(C) be an irreducible represetation of W, self-dual
of symplectic-type and let ¢ : Wr x SLy(C) — SOs37(C) defined by

p=1K(S5®S3®51) DER (S50 .51) B 7R (S4B Sa),

with § : Wp — C* an unramified quadratic character. We have Zgo,, (c)(p|lwp)° =~
SOg(C) x SO4(C) x Sps(C), and ¢ defines a L-packet IL,(Spgg(F)) with 2¢ elements
and 2 of them are supercuspidal.

Let o € II,(Spsg(F')) supercuspidal corresponding to an enhanced Langlands
parameter (,e) with ¢ cuspidal. Consider G(F') = Spsg(F), the Levi subgroup
L(F) = GL4(F)? x GL1(F)? x Spss(F) and 792 X 193 K o be the irreducible su-
percuspidal representation of £(F). The inertial pair s = [£(F), 7% X 193 K o] of
G(F) admits sV = [LY, ¢, €] as dual inertial triple with ¢ : W x SLy(C) — £V, with
Stdevog = (T&7V)P20(101Y)23 . We assume that 7|1, = 0@OFPF with Y ~ 6.
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We first compute ;’V :

H10
Sl =78 @ 1FF 0 150 @ ¢F! @ |8 = 91 0o rebr

J° = Zgv (8l1,)° = Sp1p(C)” x SO19(C).

The torus 7" is decomposed as T = (C*)? x (C*)3. The first part (C*)? is embed-
ded in an obvious way in (C*)? x Spg(C) and then in Sp;,(C)? diagonally as Levi
subgroup. The second part (C*)? is embedded in (C*)3 x SO13(C) and then in
SO19(C) as Levi subgroup as well. The root system R(J°,T') (resp. R(J°, T)req) is
BCy x Bs (resp. By x Bz), so W3, = Wp, x Wpg,.

D 1@19’

From the above discussion, we can see that ¢ is already a basepoint. If we denote
by ¢ the parameter defined by ¢ = (1 ®7V)®2 @ (€@ ¢V)P3 @ ¢, then ¢’ is an other
basepoint. Indeed, we have :

Slw, = 710 @ 1815 @ ¢4

Gg = Zgv(¢lw)” = Sp1p(C) x SO15(C) x SO4(C)

Ly = Zpv(lw,)° = ((C*)? x Spg(C)) x ((C*)? x SO(C)) x 804(C)

¢, = 7010 @ 199 @ @10

Gy = Zgv(¢'lwy)° ~ Sp1p(C) x SO(C) x SO19(C)
Ly = Zpv (¢lwi) = ((C)? x Spg(C)) x SO9(C) x ((C*)? x SO4(C))

Here Rgv is trivial, so Wyv = W?. Denote by a1, s (resp. [, 2, 3) the simple
roots of By (resp. Bs) with ag (resp. (3) the short root. The parameters are given
by Ma1) = MB1) = AM(B2) = 1, Mao) = 3+1 =3, \(B3) = 22 +1 =5 and
AN (ag) = 5 =2, A*(B3) = 552 = 1. The quadratic relations in the Hecke algebra
are

(Tao, — 0" ) (Ts,, +1) =0, (T, — q)(Tsy, +1) =0, (Ty,, —q)(Tsy, +1) =0,

(Toay = 0*")(Tey +1) =0, (T, — ¢°)(Tiy, +1) = 0.
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