PROOF OF THE AUBERT-BAUM-PLYMEN-SOLLEVELD

CONJECTURE FOR SPLIT CLASSICAL GROUPS

AHMED MOUSSAOUI

ABSTRACT. In this paper we prove the Aubert-Baum-Plymen-Solleveld
conjecture for the split classical groups and make the relation to the
Langlands correspondence. To do this, we review the notion of cuspi-
dality for enhanced Langlands parameters and also review the notion of
cuspidal support for enhanced Langlands parameters for split classical
groups, both introduced by the author in earlier work.
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INTRODUCTION

Let G be a connected reductive p-adic group and Irr(G) be the set of
(classes of) smooth irreducible complex representations of G. On one hand,
the Bernstein decomposition gives a way to study Irr(G) in terms of para-
bolic induction. On the other hand, the Langlands correspondence predicts
a decomposition of Irr(G) into finite subsets. It is natural to ask what is
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2 A. MOUSSAOUI

the relation between these two decompositions? We are particularly inter-
ested in the question of what are the Langlands parameters for supercuspidal
representations (see Definition and how to define cuspidal support for
(enhanced) Langlands parameters (see Theorem [2.7)).

In this paper we prove the Aubert-Baum-Plymen-Solleveld conjecture for
the split classical groups. This conjecture was also proved by Solleveld in
[Sol12] using different arguments, which are discussed in Section How-
ever, in that proof there is no link with the Langlands correspondence. The
proof presented here makes clear the relation between the ABPS conjec-
ture and the Langlands correspondence. Roughly speaking, this is done by
studying the link between the Langlands correspondence and the parabolic
induction. This requires a quick overview of [Moul5|. In fact, the main mo-
tivation for [Moulb| was the study of the Aubert-Baum-Plymen-Solleveld
conjecture. In particular, we note that our constructions fit naturally with
the work of Haines |[Hail4] on the stable Bernstein centre, especially Conjec-
ture regarding the compatibility of parabolic induction and the Lang-
lands correspondence.

In order to state the main result of this paper, we briefly review the
Aubert-Baum-Plymen-Solleveld conjecture, beginning with what is com-
monly referred to as an extended quotient.

Let T be a complex affine variety and I' be a finite group acting on T
Forallt € T, let I't = {y € T' | v -t = t} be the stabilizer of ¢ in I'. The
group I' acts on

Y ={(tp) |teT peclry)}
by
OZ'(t,,O) = (a't>a*p)a OZEF, (t,p) GK

where a*p € Irr(T'y.¢) is defined by, (a*p)(y) = playa™t), for all v € Ty.y.
The spectral extended quotient of T by T is the quotient Y/T" and it is denoted
by T /) . Note that the projection map on the first coordinate Y — T is
I-equivariant and this defines a projection map 7'/ r — T/T.

We now recall the Bernstein decomposition; see [Ber84, 2.10,2.13] and
[Ren10, VI.7.1,VI.7.2,V1.10.3] for more detail. Let G be a connected re-
ductive group defined and splits over a p-adic field. We denote by iIGD and
rIG; the parabolic induction and Jacquet functors, respectively. Let m be an
irreducible smooth representation of G. Let P be a parabolic subgroup of G
with Levi factor M such that r§(7) # 0 and minimal for this property. Let
o be an irreducible subquotient of T‘g(ﬂ'). Then o is an irreducible super-
cuspidal representation of M. Moreover if (M’,¢’) is an other pair which
arises in the same way for another parabolic subgroup P’, then there exists
g € G such that M’ = 9IM and o ~ 90’. The G-conjugacy class of the
pair (M, o) is called the cuspidal support of m. There are two equivalence
relations on the set of pairs (M, o) where M is a Levi subgroup of G and
o is an irreducible supercuspidal representation of M: conjugation by G on
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these pairs and conjugation by G up to an unramified character. More pre-
cisely, if (Mj,01) and (Ma, 09) are two such pairs, then (Mj,07) is said to
be associated (resp. inertially equivalent) to (Ma, 09) if there exists g € G
such that 9M; = My and Uf ~ o9 (resp. there exist ¢ € G and an un-
ramified character x2 € X (Ma) such that 9IM; = My and o7 ~ o2x2). Let
Q(G) and B(G) be the set of associated equivalence classes (resp. inertial
equivalence classes) of pairs (M, o) where M is a Levi subgroup of G and
o is an irreducible supercuspidal representation of M. Because the group
X (M) of unramified characters of M has a torus structure, we can associate
the following to each s = [M, o] € B(G):

e atorus Ty = {ox,x € X(M)};

e a finite group Wy = {w € Ng(M)/M | Iy € X(M),c" ~ 0 ® x};

e an action of W on T;.
The projection map Q(G) — B(G) allows us to identify the set of cuspidal
support which have the same image s € B(G) to the quotient T;/W,. The

Bernstein decomposition of the set of irreducible representations of G is a
partition of Irr(G) indexed by B(G):

Irr(G) = |_| Irr(G)s.
seB(G)

Moreover, the cuspidal support map restrict on each pieces to a map Sc :
Irr(G)s — Ts/Ws. The benefit of this extended quotient is the following
conjecture, which predicts that we can recover Irr(G)s from the three data
associated to s described above.

Conjecture (Aubert-Baum-Plymen-Solleveld). For each s € B(G), there
exists a bijection

s Irr(G)s — T We.

In general the following diagram is not commutative

It (G)s e T, | We

T/ Ws

but by precomposing the projection on the right with certain cocharacters of
Ts, called correcting cocharacters, then this diagram is commutative.

In [Aub+14al 4.11], in the case where the Levi subgroup defining the in-
ertial pair is a maximal torus of a split group, t/}ie authors show that the cor-
recting cocharacter associated to [t, p] € Ty |/ Ws is ¢ (1, diag(t,t=1)) where
7 = pg [t, p] and ¢, is the Langlands parameter of the representation 7. In
this paper, if s = [M, o] we show a more general formula for the correcting

cocharacter of [t, p| € Ts//I/I/757 namely: ¢.(1,diag(t,t71))/d. (1, diag(t, 1))
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where m = u;l[t, pl, ¢x and ¢, are the Langlands parameters of the repre-
sentations 7 and o respectively.

Here we prove the ABPS conjecture for split classical groups by estab-
lishing a Galois version of the ABPS conjecture, obtained by replacing the
representations with their (enhanced) Langlands parameters. To do this
we use [Moul5| which shows how to convert the supercuspidality of the
representation into a condition on the corresponding (enhanced) Langlands
parameter.

The article is organized as follows. In Section[I] we review the generalized
Springer correspondence which will be a tool for the next steps. Here we
give the examples of GL,, and Spg. In Section [2] we briefly recall the local
Langlands correspondence for split groups, paying special attention to the
case of split classical groups. Then we recall the notion of cuspidal enhanced
Langlands parameters from |[Moul5| and we explain how to construct the
cuspidal support of an enhanced Langlands parameter in the case of split
classical groups. Finally, in Section [3.3] after finding the predicted correct-
ing cocharacters, we prove the ABPS conjecture for split classical groups.
We give a concrete example to illustrate it in the case of Sp,(F).

1. SPRINGER CORRESPONDENCE

Let H be a complex reductive algebraic group and consider the set
Uy = {(CH n) | u € H unipotent, 1 € Irr(Ag(u))},

where CH denotes the H-conjugacy class of u and Ay (u) = Zg(u)/Zg(u)°
with Zp(u) the centralizer of u in H. We denote the Weyl group of H by
Wy = Ng(T)/T with T' a maximal torus of H. Suppose from here that H
is connected.

Example 1.1. Let n > 1 be an integer and consider the group H = GL,,(C).
For any element w € H, the group Ap(u) is trivial. A maximal torus T of
H is the group of diagonal matrices and the Weyl group of H is Wy ~ &,
the symmetric group over n letters. Moreover, by the Jordan classification,
the set Uj; is parametrized by P(n), the set of partitions of n, as follows :

P(n) — Ug
Jpl
(P1y--wspr) +— , triv
I,
with
1 1
1 1
Ja = € GL4(C)
1 1
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By the theory of Young diagrams, irreducible representations of Wy ~ &,
are parametrized by P(n). This gives a bijection between Irr(Wp) and U.

1.1. Ordinary Springer correspondence. In general, when H is differ-
ent from GL,, we do not have a bijection between Irr(Wg) and Uf but
there is an embedding Irr(Wpg) < Uf;; this embedding is called the ordi-
nary Springer correspondence. It was studied by Springer during the ‘70s in
. The ordinary Springer correspondence for H relates two different
objects in nature: irreducible representations of the Weyl group of H and
pairs (CH,n), where C is a unipotent orbit in H and 7 is an irreducible
representation of Ag(u). The Springer correspondence can be described

combinatorially.

Example 1.2. Recall that the unipotent classes of H = Sp,,(C) are in
bijection with partitions of 2n for which the odd parts have even multiplicity.
The Weyl group Wy of H is isomorphic to &,, x (Z/2Z)™ and its irreducible
representations are in bijection with the set of bipartitions of n, i.e., the pairs
(cv, B) where «, 8 are partitions (perhaps trivial) such that |a|+|8| = n. For
instance, the trivial representation corresponds to the partition (n,0) while
the sign representation corresponds to the partition (0,1"). See Table 1] for
the case H = Spg(C).

| u | Apg(u) [TIir(Ag(w)) | Tr(Wg) |

@1 z2z | ¢ |

@) | zpz | ¢ |

21| z2z | ¢ | |

TABLE 1. Spinger correspondence for Spg(C)

1.2. Generalized Springer correspondence. One can ask how to de-
scribe elements in UF which are not in the image of the ordinary Springer
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correspondence Irr(Wy) — Uf;. This was completly established by Lusztig
in [Lus84] and called the generalized Springer correspondence, as we briefly
recall here.

In order to describe the missing pieces, Lusztig defined fundamental blocks,
called cuspidal triples, consisting of H-conjugacy classes of triples (L,CL,¢)
where L is a Levi subgroup of H, v is a unipotent element of L and ¢ €
Irr(Ar(v)) is an irreducible cuspidal representation of Ar(v). To each
(CH.m) € Ug, he associated a unique triple (L,CL,¢); see [Lus84, 6.3,6.4].
All elements associated to a fixed triple (L,CE, ¢) are parametrized by Irr(W£)
with Wk = Ny (L)/L |Lus84, 6.4].

The notion of cuspidal representation of Ay (u) was introduced by Lusztig
in [Lus84, 2.4,6.2] and involves geometric objects. We now review this
notion as it appears in [Lus84]. Let u € H be a unipotent element and
e € Irr(Ag(u)). Let P = MN be a parabolic subgroup of H and v € M be
a unipotent element. Set

Ypuw = {hZy(v)°N € H/Zy(v)°N | h € Hh 'uh € vN'}
and )
dyy = §(dim Zg(u) — dim Zys(v)).
Then dimYp,, < dy, [Lus84, 1.1]. The group Zy(u) acts on Yp,, by
left translation; this action factorizes to an action of Ay (u) on the set of
irreducible components of Yp,, ,, of dimension d,,. Let S, be the resulting
representation of Ay (u). Then € is a cuspidal representation of Ay (u) if for
all proper parabolic subgroups P = M N of H and for all unipotent v € M,
we have
HOHIAH(U)(E, Suﬂ,) =0.

Example 1.3. If P = B =TU, then
Ypur={9B€ H/B|ge H,gluge U} ={B €B|ue B'} =8,

which is the Springer fiber of u. It was through this variety that Springer
established his original correspondence.

We may now state the generalized Springer correspondence. Let Sy be
the set of H-conjugacy classes of cuspidal triples (L,CE, ) where

e [ is a Levi subgroup of H;
e v € L is a unipotent element of L;
o c € Irr(AL(v)) is a cuspidal representation.

Theorem 1.4 (Lusztig, [Lus84, 6.5,9.2]). Let H be a connected complex
algebraic group. There is a surjective map

Uy UIB_I — SH
and, for each t = [L,CE ] € Sy, a natural bijection
U (4) «— Tir(Ng(L)/L).
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For all t = [L,CL, €], set My = ¥} (t). The map ¥y induces a decompo-
sition of UF; :

Uy = | | Me

teSy

The ordinary Springer correspondence is recovered from the Springer corre-
spondence by restricting to the case t = (T,{1},1) where T is a maximal
torus of H. It is remarkable that the Levi subgroups L of H which appear
in the generalized Springer correspondence for H are very special. In par-
ticular, the relative Weyl group WH = Ny (L)/L is a Coxeter group [Lus84),
9.2] which is not true in general. This property is an important fact.

Let us describe the triples (H,CH,¢) € Sy for certain groups H.

e H =SL,(C). If (H,C! ) € Sy then the unipotent element v cor-
responds to the partition (n), in which case Ay(v) = Z/nZ. The
cuspidal representations ¢ which appear in (H,CH, ¢) € Sy are pre-
cisely those representations of Ag(v) for which ker(¢) = {0}. In
particular, the cardinality of the set of the cuspidal representations
of Ag(v) is ¢(n) (Euler’s ¢-function).

e H = GL,(C). If (H,CH,¢) € Sy then necessarily n = 1, v = 1 and
Ap(v) ={1}.

e H =Sp,,(C). If (H,CH ) € Sy then n = @ for some integer d
and v corresponds to the partition (2d,2d—2,...,4,2), in which case
Ap(v) = H?:1<22,~> ~ (Z/27)%. The representation ¢ which appears
in (H,CH &) € Sy is precisely that for which e(z;) = (—1)".

e H=S0,(C). If (H,CH &) € Sy then n = d? for some integer d and

v corresponds to the partition (2d —1,2d—3,...,3,1), in which case
AH(U) = H?;ll <Zgi+12’2i_1> ~ (Z/QZ)d_l and 5(22i+122i_1) = —1.

Example 1.5. We come back to our example of Spg(C). The Levi subgroups
of H = Spg(C) are: Spg(C), GL1(C)xSpy(C), GLa(C)xSpy(C), GL1(C)?x
Spy(C), GL3(C), GL2(C) x GL1(C), GL1(C)3. The only Levi subgroups
of Spg(C) which can appear in the Springer correspondence for Spg(C) are
H = Spg(C), M = GL1(C)? x Spy(C) and T = GL;(C)3. We have :

{ L | Nu(L)/L |
SPG(C) {1}
GL1(C)? x Spy(C) | &3 x (Z/27.)?

GL1 ((C)B 63 X (Z/QZ)3

Table [2[ describes the generalized Springer correspondence for Spg(C);
the meaning of the u-symbols is given in |[AA07, 3.2] or [Car93, 13.3] and
included here only for completeness.
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L u l Ap(u) LIrr(AH(u)) l u symbol l L LIrr(WfI) ‘
6 | z/2z ! (2) L | Aeo
¢ ( 3 ) M pI(Q,O)
1X1 (024) T P(2,1)
(4,2) (Z/QZ)2 CX( (° 4 ) T P(0,3)
I1X¢ (204) M p/(1270)
(X1 (°24) | H 1
@) | zpz |t (D [T ] eeno
¢ (114) M p,(1,1)
(32) {1} 1 (0 3 3) T P(1,2)
@) | zj2z ! S0 A TR
¢ (123) M| ploa
(22’ 12) 7/27. 1 (0 2 § 4 5) T P(1,12)
¢ (°2%5Y) | T | po.eu)
(2,1%) | z/22 ! (2% | T ] Pas
¢ (173%5) | M Plo2)
(1%) {1} 1 ("2 246 [T | poas

1.3. Generalized Springer correspondence for orthogonal groups.
Let n > 1 be an integer. In this paragraph H denotes the orthogonal group
0,,(C) or the group {(z;) € [[%; On,(C) | [[;~, det(z;) = 1} . Note that H
is disconnected. Here we specialize the definitions appearing in Section [1.2
to this case and also state the generalized Springer correspondence for in

TABLE 2. Generalized Springer correspondence for Spg(C)

this case. First, recall that
Us; = {(C,n) | w € H unipotent, n € Irr(Ag(u))} .

Definition 1.6 ([Moulbl A.1]). A subgroup L of H is said to be a quasi-Levi
subgroup of H if there exists a torus A C H® such that L = Zy(A).

Example 1.7.

I L° | L | L/ |wijwi |

Ognt1 | T15 GLn, X SOy | TTry GLn, X Ogpri | Z/27Z {1}

O2n | [IE,GL,, x SOgy | TI%,GLy, X Oy | Z/27Z {1}
[1i, GLn, [T, GLn, {1} | z/2z

TABLE 3. Levi and quasi-Levi subgroups of orthogonal groups
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In the previous definition, since L° = Zgo(A), then L° is Levi subgroup
of H°. If L is a quasi-Levi subgroup of H and v € H° is unipotent, then
Wk and Ape(u) are normal subgroups of W} = Ny(L)/L and Ay(u),
respectively. If ¢ € Irr(Ag(u)), the restriction to the normal subgroup
Ape(u) decomposes as

Elagew) = EPTOCT,

where 7 runs over some irreducible representations of Ao (u) which are all
conjugate by Ag(u) and m > 1 is an integer.

Definition 1.8 ([Moulb| A.3]). Let ¢ € Irr(Ag(u)). Then € is a cuspidal
representation of Ap(u) if the irreducible representations of Ao (u) which
appear in the restriction of € to Apgo(u) are cuspidal in the sense of Lusztig

(recalled in Section [1.2])

Notice that in the restriction of € to Ago(u), all the representations of
Ape(u) which appears are conjugate under Ay (u). In particular, the cus-
pidality is preserved by such conjugation. As a consequence, one represen-
tation in the restriction is cuspidal if and only if all the representations are
cuspidal.

We may now state the generalized Springer correspondence for orthogonal
groups and some subgroups of orthogonal groups. Let Sy be the set of H-
conjugacy classes of triples (L,CF, ¢) for which

e [ is a quasi-Levi subgroup of H ;
e v € L° is a unipotent element ;
e ¢ € Irr(AL(v)) is a cuspidal representation.

Theorem 1.9. [Moulb, A4,A8] Assume H = {(z;) € [~ On,(C) | T];%, det(z;) = 1}
or H = 0,(C). There is a surjective map
Vg Uy — Su
and, for each t = [L,CE €] € Sy, a natural bijection
U (4) «— Tir(Ng(L)/L).

For all t = [L,CL, €], set My = ;! (t). The map ¥y induces a decompo-

s Lo
sition of UF; :

Uy = | | Mo

teSy

2. RELATION BETWEEN THE LANGLANDS CORRESPONDENCE AND THE
BERNSTEIN DECOMPOSITION

2.1. Langlands correspondence. Let F' be a p-adic field and G be (the
F-points of) a split connected reductive group over F. Let Wg (resp. W}, =

~

Wr x SLa(C)) be the Weil (resp. Weil-Deligne) group of F. We denote by G
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the connected complex reductive group dual of G. A Langlands parameter
for G is a group homorphism

¢: Wi — @,
such that:

e the restriction to SL(C) is a morphism of algebraic groups;
e the restriction to Wg is continuous and ¢(Wp) consists of semi-
simple elements.

If we denote by ®(G) the set of @—conjugacy classes of Langlands parameters
for G. The local Langlands correspondence predicts the existence of a finite-
to-one map

recg : Irr(G) — ®(G),

which satisfies certain properties. To each ¢ € ®(G), one can expect to
attach a L-packet II4(G) which is a finite set of irreducible representations
of G associated to ¢. Conjecturally, this set is parametrized by the irre-
ducible representations of a finite group Sg which is a quotient of Az(¢),

the component group of the centralizer in G of »(W). Hence, if we denote
by
®.(G) = {(¢,n) | p € D(G),n € Irr(SF)},
the set of enhanced Langlands parameters, then conjecturally, we have a
bijection
Irr(G) +— @.(G),
and a decomposition

Ir(G) = | | Tu(6).
P€®(G)

2.2. Stable Bernstein centre. Recently, inspired by Vogan, in [Hail4]
Haines has defined the stable Bernstein centre and stated some conjectures
and gave some properties. In this paper we only consider the split case, but
Haines treats the general case. One can view the stable Bernstein centre as
an analogue of the Bernstein centre but for the Langlands parameters. It is
conjectured that the Langlands correspondence is compatible with parabolic
induction (see conjecture . Haines defines a cuspidal datum as a pair
(]\//T , A) with M a Levi subgroup of G and A : Wp —» M a discrete Langlands
parameter for M (which means that the image of the parameter does not
factorize through a proper Levi subgroup of M ). This plays the role of
cuspidal data for Langlands parameters. Also, he attaches to eac/h\ Langlands
parameter of G a cuspidal datum and an inertial class. If M is a Levi
subgroup of G, we denote by X (M) = {X Wr/Ip — Z;?} Then by
the Langlands correspondence for characters, “X (M) is in bijection with the
group X' (M) of the unramified characters of M. Following Haines [Hail4),
5.3.3], consider two equivalence relations ~q and ~p on the pairs (M\ )
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with M a Levi subgroup of G and A : Wrp — M a discrete Langlands
parameter of M (trivial on SLo(C)) defined by:
(1) (]\71,)\1) ~Q (]\72,)\2) if and only if there exists ¢ € G such that
ng = MQ and g/\l = )\2;
(2) (M1,\1) ~p (Ma, A2) if and only if there exists ¢ € G and x €
L X (M>) such that 9IM; = Mo and 9\ = Ao )o.
We denote by (\) 77 the M. -conjugacy class of A\. Moreover, if we denote by

O*(Q) (resp. B**(G)) the equivalence classes for the relation ~q (resp. ~p)
then

QSt(G) = u 71/W1;7
iEBsH(G)

with if i = [M\,)\] :

o To={(Mgpx € "X (M)} ~ PX (M) /P X (M)(A) and "X (M)(A) =

{x e P2 () [ (Vg7 = Mgz} 5

o« Wi = {w e Ng(M)/M | 3y € L2 (M), (N 57 = A1}
To each Langlands parameter ¢, one can define its infinitesimal character
A¢ by defining for all w € Wg

)\¢(’UJ) = ¢(w7dw)>
with d,, = diag(|w|"/2, |w|~/?).

Definition 2.1 (Haines [Hail4} 5.1]). Let M be a Levi subgroup of G and
A Wy — M < G be a discrete Langlands parameter of M. Let i =
[]\/4\ ,A] € B¥(G) the inertial class defined by (]\//.7 ,A). Then the infinitesimal
packet of A is

and the inertial packet of A is

Iy = || m@= || (e,
ped(@) AXET; /W,
Ap=AX
xelx(M)

Conjecture 2.2 (Haines [Hail4, 5.2.2],Vogan). Let o be an irreducible su-
percuspidal representation of M and m be an irreducible subquotient of the
parabolically induced representation ig(a) (where P is a parabolic subgroup

with Levi factor M ). By the Langlands correspondence, let
o : Wi — M,

and

qﬁﬂ:W}—)@,
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be the respective Langlands parameters of o and w. By the embedding M <
G, one can view ¢, as a Langlands parameter of G. Then it is expected that
we have the following equality :

(Aoo)a = (Mg

Currently, this conjecture is proved for GL,, (essentially from the proof of
the Langlands correspondence see [Hail4l 5.2.3]) and for the split classical
groups by [Moulb, 4.7].

Example 2.3. Let G = GLy(F), T ~ (F*)? be the maximal torus of G
consisting of diagonal matrices. Let | - | be the norm of F'*. Consider the
irreducible supercuspidal representation o = | - |'/2K| - |~%/2 of T. Then the
induced representation i%(c) has two irreducibles subquotients : 7 = 1gr,
the trivial representation of G and my = Stgr,, the Steinberg representation

of G.

The Langlands parameters of o, 71 and my are, respectively:

~

bo6: Wp — T

(w,z) —  diag(|w]"/?, jw|71/?)
b2 Wp — G

(w,z) —  diag(fw]"/?, Jw|71/?)
byt Wp — G

(w,z) — =

Hence, we have Ay, = Ay, = Ag,,-

2.3. Cuspidal enhanced Langlands parameter. Recall that we have
two decompositions of Irr(G), one by the Bernstein decomposition, the other
by the Langlands correspondence:

(@)= | | (@)= || Tu(G).
s€B(Q) PEP(G)

We want to compare the two decompositions, in particular, we want to de-
scribe the Langlands parameters of supercuspidal representations and the
cuspidal support map.

If ¢ € ®(G), recall that we have two groups Az(y) and Sg defined by :

Agle) = Z5(0)/Z5(0)" and SJ = Z5(9)/Z5(9)° - Zg:

Conjecturally Irr(Sg ) parametrizes the L-packet II,(G) and we have a sur-
jective map Az(p) — Sg. We remark that if we denote Hg = Za(e 1wy
then we have the following equalities

Z@(SO) = Za(SO\WF) N Z@(@\SLQ) = ZZ@(cp‘WF)((P\SLg) = ZHg(SD\SLg)-
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The group Hg is a reductive group and if u, = ¢ ((é 1) ), then Az(p) =

AHE(QO‘SLQ) and AHg(‘P\SLg) = AHg‘ (up). In general, Hg is a disconnected
group.

Definition 2.4 (|Moulb, 3.4]). Let ¢ € ®(G) be a discrete Langlands
parameter, € € Irr(Sg) and € the pullback of ¢ to Az(p) = Apg (up). One
says that ¢ is a cuspidal representation of S¢ when € is cuspidal with respect
to the group H, g and u,, (see Definition . We denote by Irr(Sg )eusp the
set, of irreducible cuspidal representations of Sg . Moreover, one says that ¢
is a cuspidal parameter when Irr(Sg )eusp 1S not empty.

Conjecture 2.5 ([Moulb, 3.5]). Let ¢ € ®(G) be a Langlands parameter
of G. The L-packet I1,(G) contains supercuspidal representations of G if
and only if ¢ is a cuspidal parameter of G. Moreover, if ¢ is a cuspidal
parameter of G, the supercuspidal representations in IL,(G) are parametrized
by Irr(Sg)Cusp; in other words, there is a bijection

I, (G)eusp +— Irr(Sg)Cusp.

In the following we describe the cuspidal Langlands parameters for GLy,(F'), Spa,, (F')
and SO, (F'). We denote by S, the irreducible representation of dimension a
of SLy(C) and by Ip (resp. Ig) a set of irreducible representations of Wr of
orthogonal type (resp. symplectic type). This means for I (resp. Is) that
the image of m € Ip can be factorized through an orthogonal group (resp.
symplectic group).

Proposition 2.6 ([Moul5, 3.7]). We keep same notations as before. The
cuspidal Langlands parameters for G are :

o GL,(F),
¢ : Wrp — GL,(C), idrreducible (or equivalently, discrete) ;
e SO2,41(F),

dr dr
o= PrRSwu B PrRSeu-1, V1 €Io,dr €N, Vr € Ig,dr € N

w€lp a=1 welg a=1

e Spy,(F') or SOg,(F),

dr dr
p=P PrRS0 P PrRSeu-1, V1 € Io,dr € N*, Vr € Ig,dr € N.

welg a=1 welp a=1
The conjecture is true for GL,(F), Spa,(F) and SO, (F).
The last part follows by comparison the work of Harris-Taylor, Henniart

or Scholze for GL,,(F") and the work of Arthur and Mceglin for the classical
groups.
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2.4. Cuspidal support. The cuspidal support of an irreducible represen-
tation of G is a class (of G-conjugation) of a pair (L,o) with L a Levi
subgroup of G and ¢ an irreducible supercuspidal representation of L. By
our previous conjecture each such pair should correspond on the Galois
side to a triple (L, ¢, ) with L a Levi subgroup of G, (p,€) € Pe(L)cusp-

Recall that we denote “X(G) = {X Wrp/lp — Z%} and that there is

a bijection between X' (G) and the unramified characters of G. Define two
relations ~q, and ~p, on the (set of) triples (L,p,e) as in the previous
paragraph :

(1) (El,gol,al) ~Q, (Eg,gpg,ég) if and only if there exists g € G such
that 9L, = Eg, 9p1 = 2 and e = &9 ;

(2) (L1, ¢1,€1) ~a, (Eg,gpg,ez) if and only if there exist ¢ € G and
x € “X(Ls) such that ng LQ 91 = pax2 and €] = €3 .

Denote by Q5%(G) (resp. by B (G)) the equivalence classes of the relation
~q, (resp. ~g,). As before, we have

w@= L 7
JEB(G)

with if j= L, €] :

T = {lpx)g.x € "X(L)} = PX(L)/FX(L)(p) and PX(L)(p) =
{x e X(L) | (¢); = ()7} 5
o W= {we Ng(L)/L|3Ix e LX(L),("0); = (ex)5,€" ~ e}

We use the bijection between Irr(G) and ®.(G) given by the local Lang-
lands correspondence; we also use a bijection between Q(G) and Q5(G)
found by combining the local Langlands correspondence for supercuspidal
representations of the Levi subgroup of G with proposition and conjec-
ture It follows that there is a cuspidal support map ®.(G) — Q(G)
such that the following diagram is commutative:

I'QCG

Irr(G) —= P.(G)

|

AC) —— th(G)

ec
It would be more interesting to define the cuspidal support of (¢,n) € ®.(G)
without assuming the local Langlands correspondence. We solve that prob-
lem in the following theorem.
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Theorem 2.7 (|[Moulb, 3.20]). Let G be a split classical group, i.e. G =
Spy, (F) or G = SO, (F). There exists a well-defined surjective map
L. 0.(G) — QNG

~

(¢’ 77) }—) (L7 907 6)
with the property that Ay = Ay.

Proof. Here we give a sketch of the proof. Full details are available in
[Moul5, 3.20].

Recall the relation between the Langlands parameter in term of the Weil-
Deligne group W7, and of the original Weil-Deligne group WDp = Wpg x C.
A Langlands parameter for G using the original Weil-Deligne group is a pair
(A, N) with A : Wp — G an admissible morphism and N € § such that

Vw € Wg, Ad(A(w))N = |w|N.

To ¢ : Wj — G one can associate a pair (A, N) by

0 1
¢ — (Mg Ng), Yw € Wi, \g = ¢p(w, dy), Ny = do|sr,(c) (0 0) -

In the other direction, if (A, N) is fixed, by the Jacobson-Morozov-Kostant
theorem, there exists a map v : SLy(C) — G such that the differential of ¥
sends (1) to N and for all t € C* and ~y(diag(t,t™!)) commutes with the
image of A\. Then, if we define for all w € W, x4 by xg(w) = 7(dy) ™" then
we set

o(w, z) = Mw)xe(dw)y(z).

Now we need a construction which involves the Springer correspondence.
We apply the Springer correspondence for the group H¢ = Z a(@lw,.), the
unipotent class of ug = ¢ (1, (1)), or more precisely to the nilpotent class
of Ny = d¢|sr,(c)(9 () and the irreducible representation 7 of AHg (ug).
This defines a quasi-Levi subgroup H' of Hg and a nilpotent N, element of
the Lie algebra of H'.

Remember that we want to define a cuspidal triple (L, p,e) € Q(G)
such that A, = A\g. Let A = Z3;, be the identity component of the centre
of H' and let L = Zg(A). Then L is a Levi subgroup of G. Since we
have fixed A and we have obtained a nilpotent element N,, we have to
check if this defines a Langlands parameter. By an adaptation of a result
of Lusztig, for all w € Wr, Ad(A(w))N, = |w|N,. Then we can define ¢ :
W), — L for all (w,z) € W} by p(w,z) = Aw)xe(w)yy(z). The nilpotent
orbits which carry cuspidal local systems are distinguished. Hence ¢ is a
discrete parameter of L. It is automatically cuspidal because the Springer
correspondence associates to ¢ a cuspidal representation of Az (). O

With reference to the proof above, note that, for all w € Wp,
P(w, 1) = Aw)xe(w) and p(w,1) = A(w)xp(w).
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Hence,
Plwp = ClweXes Xe = X/ X

We call x. a correcting cocharacter of ¢ in G. This notion is treated with
more detail in [Moulb, 3.16,3.17].

The following proposition described the fibers of the map £ : ®.(G) —
QO%(G) appearing in Theorem

Proposition 2.8. Let (E, p,e) € BYG) and Xey,- -, Xe,. be the correct-

ing cocharacter of ¢ in G. The fiber of (E, v, €) by £ are parametrized by
HE ]

the irreducible representations of Irr(WHf‘WF Xeq
@\WFXCI-

constructed as above satisfies xc; = X¢/Xep-

) such that the parameter ¢

Proof. In the proof of Theorem [2.7] there is an additional object which is
G

H
needed to characterize (¢,n): the irreducible representation p € Irr(WHf)
9

given by the Springer correspondence. Now we see that if (¢,n) € D.(G)
has cuspidal support (E, ¢,€) then necessarily ¢|y, = @ Xc With x. a
correcting cocharacter. The set of correcting cocharacters of ¢ in G is finite
(this can be deduced from [KL87, 5.4.c]). Let x¢,, ..., Xc, be the correcting

cocharacters of ¢ in G and for all i € [1,7], let s = @1 xe;- Let i € [1,7]
HE

and consider an irreducible representation p € Irr(W,;’). By the Springer
Ky

correspondence for the group Hiv to p is associated a unipotent element
Up; p € H;ﬁ or, equivalently, a morphism v, , : SL2(C) — (Hﬁ’;)o and
an irreducible representation 7 of AHE- (Vi) Define d, o) = 1iY(ui,p)

Wy — G. We can assume after conjugation that ¢, ) is adapted to ¢
(see |Moulbl 3.16]). Now we apply the previous construction to see that

~

(B(usp)s M) € Pe(G) is associated to (L, p,¢) if and only if Abiurmy = Api 1D
other words if and only if x., = X¢(u-,p>/xso' O

We saw at the beginning of Section that we wanted to compare the
two decomposition :

r(G) = | | Ir(G)s= || Tu(G).

s€B(Q) PEP(G)

For s = [L,0] € B(G), let %i(s) be the inertial pair [M\,\W,)\%] € B(@G),
where ¢, : W, — ®(L) is the Langlands parameter of o and ]\/ZA% is a
Levi subgroup of G which contains minimally the image of A,,. We remark

that if ¢ g, # 1 then L is not the dual of M\)\W. We have proved the
following :
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Theorem 2.9. Let i = [M,\ € B%(G). Then we have :

I (G) = || (@)
seB(G)
Gs)=i

This motivates the following conjecture.

Conjecture 2.10. Let G be a reductive connected split group over F. Let
i=[M, )\ € B%(G). Then, we have :

I (G) = || Im(G)..
seB(G)
Gis)=i

3. AUBERT-BAUM-PLYMEN-SOLLEVELD CONJECTURE FOR SPLIT
CLASSICAL GROUPS

3.1. Aubert-Baum-Plymen-Solleveld conjecture. In this section we
review the Aubert-Baum-Plymen-Solleveld conjecture as is stated in [Aub+14Db,
15]. Let begin with the definitions of the so-called ”extended quotient”. Let

T be a complex affine variety and I' be a finite group acting on 7" as auto-
morphisms of affine variety. For allt € T, let I'y = {y € T | v - t = t} be the
stabilizer of ¢ in I'. Consider

X={(t,y)eT xT|~-t=t} and Y ={(t,p)|teT,pelr(ly)}.
The groupe I'' acts on X and Y by :
a-(t,y)=(a-t,aya™t), and «a-(t,p)=(a-t,a*p), a €T, (t,p) €Y,

where a*p € Irr(Tq.) is defined by, (a*p)(y) = playa™t), for all v € Tyt
Remark that X has a natural structure of affine variety wheras there has not
a natural structure of variety on Y. In the following we recall the definitions
of the extended quotient as is stated in [Aub+14b, 11,13] but we give a
different names.

Definition 3.1 ([Aub+14b, 11,13]). The geometric extended quotient of T
by T is the quotient X/T" and it is denoted by T/ T'. The spectral extended
quotient of T by T is the quotient Y/I" and it is denoted by 7" J T.

Notice that in [Aub+14b] the authors state their conjecture with the
hypothesis that G is quasi-split. They have also a conjecture when G is non
necessarily quasi-split.

Conjecture 3.2 (Aubert-Baum-Plymen-Solleveld). Let G be a split con-
nected reductive p-adic group and s € B(G) be an inertial pair for G. Then

(1) The cuspidal support map
Sc: Irr(G)s — T/ Wi

is one-to-one if and only if the action of W5 on T; is free.
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(2) There is a canonically defined commutative triangle

T, | We

TN

Irr(G)q » D(G)s

Moreover, the bijection us should satisfies the following properties:

(i) The bijection pus maps K /| W, onto Irr(G) s temp-
(i1) For many s € B(G), the diagram

Irr(G)s < _ » Ts ) Ws
Ts/Ws

does not commute.
(iii) There is an algebraic family

0, : Ty || We — To/Ws
of finite morphisms of algebraic varieties, with z € C*, such that
b1 =Ds 03 =Scops

(iv) For each connected component c of the affine variety Ts || Ws, there is
a cocharacter
he : C* — T,
such that
0.[t,w] = Ws(h(z) - t) € Ts/Ws,
for all [t,w] € c.
Let Z, ..., Z, be the connected components of the affine variety Ty | W,
and let hy, ..., h, be the cocharacters associated. Let

Vs : Xs = Ts | Wi

be the quotient map. Then the connected components X1, ..., X, of the
affine variety Xs can be chosen with
° ,Us(Xj) = Zj forj e [[1,7’]].
e For each z € C* the map m, : X; — T,/Ws, which is the compo-
sition
X; — T — Ty /W;
(t,w) = hij(2)t — Ws(h;j(2)t)

makes the diagram

Xj - > Zj

Ts/Ws
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e There exists a map of sets X\ : Z1,...,Z, — V (called a labeling)
such that for any two points [t,w] and [t',w'] of Ts || Ws: us[t, w]
and pst',w'] are in the same L-packet if and only if 0,[t,w] =
0.[t', W) for all z € C* and At,w] = A[t',w'], where X has been
lifted to a labelling of Ts ) Wy in the evident way.

Aubert, Baum and Plymen proved the conjecture for the group G2 in
[ABP11]. Solleveld proved a version of this conjecture for extended Hecke
algebras in [Sol12] which, as a consequence, demonstrates the validity of the
ABPS for split classical groups. In a refined version stated in |[Aub+15],
Aubert, Baum, Plymen and Solleveld prove the conjecture for the inner
forms of GL,, and SL,, using the relation with the Langlands correspondence.
Recently, in |[Aub+14c|, the authors prove the conjecture for the principal
series representations of split connected reductive groups, in relation with
the Langlands correspondence.

3.2. Galois version of ABPS conjecture. Let G beAa split classical
group, i.e., G = Sp,,(F) or G = SO, (F). Let J = [L,p,e] € BHG).
Recall the we have defined a torus ’9 = {(¢x)z | x € LX(L)}. Since ¢ is

fixed and the multiplication by an unramified cocharacter does not affect
the SLy(C) part, we can identify 7% with the restriction of ¢y to W for all

HG
x € LX(L). Moreover, if (¢,n) € @e(G)/-, we denote by p(g,) € Irr(WHf)
o

the irreducible representation attached by the Springer correspondence.

Theorem 3.3. Let G be a split classical group, i.e., G = Spy,(F) or G =
SOn(F). Let J = [L,p,e] € BS(G). Then the following map defines a
bijection :

nio Q) — T W
(Dl o)

Just before proving the theorem, notice that the theorem is true without
assuming the Langlands correspondence.

Proof. Let (¢,n) € @e(G)/; Then ¢|y, = @|wpXXe, Where x € X'(L) and

Xec is the correcting cocharacter associated to (¢,7). Hence ¢y, is a twist
of ¢y, by an unramified cocharacter. Denote by A = Zj% and note that
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the stabilizer of ¢|y, is

Wio = {w e Wyl (“(exxe))z = (pxxe)z}
~ Ny _(oxxe) (A7) /Z5 (0XXe)
= NZZ@(WWFXXC)(SD\SLQ)(AE)/ZZE(SD\WFXXC)(SO‘SLZ)
= NZZ@(MWF)(SD\SLQ)(AE)/ZZE((MWF)(SO‘SLQ)

~ NZé(mWF)(AE)/ZE(mWF)

H

= WH£ .
Here we use [Lus88|, 2.6.b] and Table [3|in the penultimate line. This shows
that the map u L is well defined. This map is surjective by Proposition

and its proof. Moreover, the bijectivity of the Springer correspondence for
the groups H, gx shows that this map is injective.
O

3.3. Proof of ABPS conjecture. Let G be a split classical group and
J= (L, ¢,¢] € B*(G). Before proving the ABPS conjecture, let us introduce
some definitions and notations. We denote by ®(G)2 (resp. ®(G)temp) the
set of discrete (resp. tempered) Langlands parameters of G. By definition,
¢ € ®(G)2 when (W) is not contained in a proper Levi subgroup of G
and ¢ € ®(G)temp when ¢(Wr) is bounded. Similarly, we denote by ®.(G)2
(resp. ®c(G)temp) the set of enhanced Langlands parameters for which the
Langlands parameter is discrete (resp. tempered). Recall that in Sp,, (C)
or SO, (C) the unipotent classes are completely determined by their Jordan
decomposition, or in other words, by the partition associated (except for
SO2,(C) and when the partition has only even parts with even multiplic-
ities for which there are two distincts orbits). Because the group that we
will consider are products of complex symplectic groups, orthogonal groups
and general linear groups, the unipotent classes which arise in Z@(QO‘WF X)°
are characterized by their partition. In particular, as x runs over “X'(L),
finitely many unipotent classes arise in this manner. Let CU be a system of
representative of unipotent classes of Zg(¢|yy,,x)° when x runs over Lx(L).

We can assume that elements in CU are adapted to ¢ in G (see [Moulb),
3.16]). Let u € CU and 7y, : SL2(C) — Zz(p(IF))° be such that v, is
adapted to ¢|gp,,. Define

c: C*X — Z%
z — Vu((z)zgl)/so‘SLz((z)zgl)

~

Proposition 3.4. Let G be a split classical group and suppose j = [L,p,ce] €
B(G). The map K satisfies the following properties.
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(1) The cuspidal support map
QDG TYW,
ic e(G)/ - Q/Wf
is one-to-one if and only if the action of W/‘ on ’7% is free.
(2) Let le' be the mazimal compact torus in ? Then the previous bi-

jection induces a bijection

(3) Let CU be a system of representatives of unipotent classes o/f\Z@(Lp‘WFx)O,
when x runs over "X (L). There exists a partition of 7%//)/\// indexed
by CU with the following properties.

(1) 79//)//\7: |_| (79// @)u (namely a point (t, p) € (79// @)u
ueCU
if and only if u is the unipotent class associated by the Springer

correspondence to p).
(ii) We have a bijection

Ll (W) = 06N 2.G
uecu

u distinguished orbit
(iii) For z € C*, define
by 0.(t.p) = Wy (cul2)t) if (t,p) € (T;/ W) . Then
91:13/7 and S@z@\/@ou/

(iv) Let u,v € CU, (t,p) € (’9// VE)U and (t',p') € (’9// @)v

Then ,ugl(t, p) and ,ugl(t’, p') have the same Langlands param-

eter if and only if u = v and for all z € C*, 0,(t,p) = 0,(¢, p').
Proof. In Theorem we proved that we have a bijection between ®.(G) v
and the extended quotient ’9 / V/\; Hence, % is a bijection if and only
if there is a bijection between 9 / W/' and ’9/ W/ The last statement is
equivalent to saying that W/ acts freely on 7% By definition of the map
7 s the restriction to Wg of the Langlands parameter associated to a point
(1, p) € 7%//)/\// is u. Hence, (u, p) € IC%//W/' if and only if (W) is bounded,
if and only if ,ugl(,u, p) € (I’e(G)/,temp- For point (7): the definition made in

the proposition defines the partition. For point (i7): a Langlands parameter
¢ of G is discrete if and only if ¢(1, (1)) defines a distinguished unipotent
class of H(f By the construction of u L and the partition defined in (7), this
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shows (i7). For point (ii7) is a consequence of the definition of the cuspidal
support of an enhanced Langlands parameter. To conclude, for point (iv),
if u=wv and if for all z € C*, 0,(t,p) = 0,(t',p'), then for z = 1 we obtain
t = t'. Recall that t represents the restriction to Wy of the Langlands
parameter associate to the point. Since the points (¢, p) and (¢, p’) have the
same labelling u, their Langlands parameters have the same restriction to
SLa, hence they have the same Langlands parameter. The other direction
is evident by the definitions. O

Theorem 3.5. Let G be a split classical group and let s = [L,o] be an
inertial pair. Then there exists a bijection

Irr(G)s +— T ) W/Z,

which satisfies the same properties described above by replacing the corre-
sponding object on the side of representation theory.

Proof. In [Moul5, 4.1] we proved that if s = [L,o] € B(G) is an inertial
pair with L a Levi subgroup of G and if ¢ is an irreducible supercuspidal
representation of L and if J= [E, ©, €] € BY(Q) is the corresponding inertial
triple obtained by the local Langlands correspondence, then T ~ ’79, We ~

Wj and the action of W/ on 9 corresponds to the action of Wy on T through

the previous isomorphisms. In particular, we have a natural bijection
Ty | W < T; ) Wy

Moreover, in theorem we have seen that there is a bijection
Til Wy 2e(G),;

Finally, [Moul5| 4.6] shows that Irr(G)s is in bijection with <I>6(G)f By

composing these three bijections we obtain a proof of the Aubert-Baum-
Plymen-Solleveld conjecture for classical groups. ([l
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((1,1), p3.1) € 8() ¢ (Ss @ S1) ® 1 (L-packet={5(C€), & (¢E), oc, oL} with
((1,1), p5.1) < 6"(¢) oc¢, (Té supercuspidal)

((=1,=1), pa.1) > 6(¢€) (¢ (S3 @ S1) @ 1 (L-packet={5(¢£), 6’ (CE), oce, ore}
((—1,=1),p51) <> 8" (¢8) with oce, r7'<£ supercuspidal)

((2,2),p2,2) <> XCStaLy, X 1— (N S ®1d x ¢ XS,

z,1),1) <> x¢ % T,
z,1), E)HXCNT](

XCBCODLBCD X ¢

z,—1),1) 4 xC x TS
z,—1), )<—>Xg><T%<
z,—l),lm)HQl(chf%
z,—1),e®1) + Qa(¢ x TyS)
SR & Q¢ x T CPECTTECHC
z,—1),eMe) + Qa(¢ X T; )

x(®EdLIDE DX ¢

NN N~~~

(
(
(
(
(
(
(
(

TABLE 4. Extended quotient for Sp,(F)

Example 3.6. We give here an example of Theorem in the case where
G = Spy(F), T = (F*)? is a maximal torus, ¢ : F* — C* a ramified
character and s = [T, K (]. The inertial pair s corresponds to the inertial
L—tripleﬁ‘: [T, (R, 1]g- We are looking at

Irr(G), = {irreducible subquotients of i%(x1¢ K x2¢), x1 K x2 € X(T)}.

The torus associated to s is Ty = {x1¢ X x2(, x1 W x2 € X(T)}. We have an
isomorphism Ty ~ ((C>< )2 given by sending the character x1(Xy2( € Ty to the
point (zl, 29) € (C*)? where 21 = (x1¢)(Fr) and 2z = (x2¢)(Fr). In this case

Ws ~ Ng(T)/T = (s1,s2) where s1 and sg act on T; by s1(z1, 22) = (22, 21)
and s9(z1,22) = (22, 21).
Tt = {(2,2),2 € C*} 1123 = {[(2,2), (71,271 , 2 € C*}
T3 = {(,1), (2, ~1), 2 € €} Tf/Z”:{[m, ),z e 0}
U{[(z,-1),(z"",-1)] ,z€ C*}
Ts152 = {(1,1),(-1,-1)} T5152)Z3%2 = {(1,1),(-1,-1)}

T;1828132 = {(171)7(13_1)7(_171)’(_17_1)} T531828182/Z?SQSIS2 = {(1, )7[(1 _1) ( 1v1)]7(_17_1)}
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Followin/g\ an idea from Plymen, in Table [4] we picture the extended quo-
tient Ty J/ W5 with the decomposition with respect of the unipotent classes.
In particular, the plane in red is associated to the unipotent with partition
(3,1),

the plane in blue is associated with the partition (1*). In particular,
the last plane in black is where the usual quotient T /W lives. We describe
each point of the extended quotient, the corresponding representation (in
the notation of [ST93]) and its Langlands parameter.

The L-inertial pair i € B%(G) image of 4 by BYG) — BYG) is i =

[f, (X Z] In this case, we have :
I (G) = Irr(G)[TycgdI_IIrr(G)[GJC]LIIrr(G)[GJCS]I_IIrr(G)[G’U/C}I_IIrr(G)[GJég].
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